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Abstract

Based on experimental results from the 1970’s psychological literature, De
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In revising their beliefs, individuals tend to overweight recent information...” 1
analyze the conditions under which such a claim might be supported by the data.
For financial markets, I show that the conditions necessary to support this claim
require implausible parameter values.
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1 Introduction

The field of finance does not exist without noise and uncertainty. Underlying all models
is an assumption of a specific form of market efficiency, which states the mechanism of
how information is embedded into prices. The standard Noisy Rational Expectations
Equilibrium paradigm is that information is utilized in an optimal manner and it is the
formation of expectations that sets prices in equilibrium. Within a noisy environment,
to utilize information optimally requires some sort of signal extraction mechanism. The

standard methodology employed is for an agent to apply Bayes’ rule.

Given that market prices are at best noisy realizations of the true underlying value
of the asset, Bayes’ rule is one of the most widely used paradigms in Finance today.
This specific benchmark has proved tremendously useful in studying financial markets
and developing important insights within a simple and tractable framework. Currently,
there is increasing evidence that questions the relevance and applicability of Bayes’ rule

as a decision making model. Is Bayesian updating still a valid paradigm?

The answer is not obvious. Outside of finance, there is growing evidence to the
contrary. Bayes’ rule has been under direct attack for decades in the psychological liter-
ature. Tversky and Kahneman (1974) conducted extensive experiments to demonstrate
the inadequacy of Bayesian updating. Their main conclusion is that agents do not use
Bayes’ rule, rather they use heuristics, i.e. simplifying rules, in order to make decisions
in complex situations. The main ammunition underpinning these claims is that agents
overweight the most recent data, termed the Recency Bias (RB). The main evidence
that Bayes’ rule is violated is the wide spread existence of RB in individual decision

making situations. De Bondt and Thaler (1985, 1987) review this literature.

LA simple search on JSTOR under “Bayesian” matched 3,992 articles, while a search for one of the
most common models, “random walk”, retrieved only about 68% as many hits at 2,746 articles and the

standard for market efficiency, “martingale”, only had 24% as many hits at 989 articles.



More recent psychological research seriously challenges the methodology used in the
heuristics literature and comes to very different conclusions.? Sedlmeier and Gigerenzar
(2001) also make a credible defense of Bayes’ rule. They present evidence that peo-
ple (and even animals) do utilize a simplifying heuristic to gather and analyze data,
however this simple heuristic approximates Bayes’ rule. Their claim is that agents use
frequencies as opposed to the probability distributions used in most psychological exper-
iments. Jamal and Sunder (1996) use computer simulations to examine asset markets
with imperfect information populated by either Bayesian or heuristic (representativeness
and anchor-and-adjust) agents. All markets converge to the same Bayesian equilibrium
even in the absence of profit maximization, natural selection, arbitrage, and mutual

cancellation of random actions. They conclude that rationality of the market emerges

2My paper does not critique the psychological literature on base-rate fallacy, which underlies the
claim in finance that Bayes’ rule is an invalid paradigm for financial markets. However, there is an
ongoing challenge within the psychological literature that calls into question the initial findings of a
base-rate fallacy. Koehler (1996) reviews the base-rate fallacy literature and comes to the conclusion
that this fallacy is not supported by the empirical facts and has been “oversold.” Hertwig and Ortmann
(2001) challenge the methodological procedures used in many of the heuristics studies, in particular they
challenge the methodology used in the base-rate fallacy literature. They claim that the wide variance
of results is due to lack of formal methodological protocol. Interestingly, they consider the subgroup
of psychological studies that would pass the protocol utilized in economic experiments and find this
subset of experiments, although small in number, support the diametrically opposite conclusions of the
general base-rate usage literature. Another objection to the heuristics literature is discussed in Krueger
and Funder (2004). They debate the validity of the negative perspective that pervades psychological
research. Their argument is nostalgic of the data-snooping argument in finance and economics, in that
only negative results are publishable and this sets the incentives to find and report such results. Finally,
Gigerenzer (1999) points out that animals, like humans, use simplified heuristics to make decisions and,
like humans, can be fooled within experimental design. However, in environments in which adaptation
has likely occurred, that is in naturally occurring decision environments, the simple heuristics used
closely approximate optimal Bayesian decisions. Along this line of reasoning, in environments that are
stable enough for adaptation to occur, such as many financial settings, a Bayesian outcome may be a

reasonable expectation.



as a consequence of the market structure, and not from the rationality of individuals.
Jamal and Sunder (2001) show that in their simple markets an adaptive dividend ad-
justment process is sufficient to cause the markets with different agents to converge to
the same equilibrium. Likewise, Sandroni (2005) demonstrates that in a general equi-
librium setting both learnable and unlearnable assets are eventually priced according
to the Bayesian paradigm. He concludes: “Asset prices will eventually be as close to
the rational expectations ideal as permitted by the Bayesian updating of the available

information.”

It is healthy and necessary for a discipline to reexamine its foundations. Recently,
many financial economists have utilized the early psychological findings of a RB to
do just this. They claim that RB is exhibited by agents in financial markets as well.
However, it seems difficult to reconcile the above two lines of literature. In finance,
the underlying theoretical model is much better defined than in psychology or human
cognition. Market efficiency, which is almost exclusively a martingale, is the underlying
assumption. It is this difference that allows the financial economist to make stronger and

more exact statements, at least with respect to accepted theory. I exploit this advantage.

Before discussing the details of these papers, one “obvious,” but heretofore never
explicitly stated, point should be noted first. There are environments when a good
Bayesian would give greater weight to recent events, in fact to only the very last ob-
servation. For example, if there was no uncertainty (zero measurement error) and the
process followed a random walk, then a Bayesian updater would give 100% weight to
the most recent observation and 0% to past observations. Does this have anything to
do with the RB? Clearly, as soon as new information is observed, prices would jump
immediately to its new true value. Under perfect observability, price would follow a ran-
dom walk. Thus, it is clear that with a random walk model of market efficieny that RB
cannot occur. Any use of past data would instead “under-weight” the most recent data.

This popular financial model of immediate and perfect adjustment to new information



cannot be the model that the Bayesian critics claim to reject by observing decisions

based mainly on a few past observations.

Obviously, real markets have measurement error or noise. De Long et al. (1989)

¢

summarize this literature and conclude “...that asset prices respond not only to news

but also to ... 'noise trading’.” That is, there is noise in prices. It is this modified model
of market efficiency for prices, random walk (perfect observability) perturbed by noise,
that the Bayesian critics refer to, as this process is a more realistic underlying process
of a financial market. The question explored in this paper is:?

Do financial markets contain enough noise to reject Bayes’ rule as a valid

heuristic based on the experimental literature’s findings that agents weight

heavily the most recent data observations?

To answer this question, I explore an illustrative model that explicitly accounts for
noise in observed data. My model is a standard model. It has been used over the past
50 years to model financial markets, so there can be no claim of “model snooping.” The
structure of the model is simple enough that I am able to invert the variance-covariance
matrix and thus I am able to obtain a closed-form solution. Within a Bayesian framework
I use the closed form solution to solve for an agent’s updating problem for a simplified
economy where information is convolved with noise.* The closed form solution allows
me to simulate the connection between market prices and agent expectations in order

to determine whether observed market anomalies contradict or are consistent with the

3 Although some papers refer to the property that agents use only the last few observations in their
decision as RB, this is not accurate. There is no comparison with an optimal Bayesian update. To do
so would require knowledge of: (1) the level of noise in the observed data, and (2) the agent’s subjective

probability distribution. Of course, neither is known and both are difficult to measure.
41 develop a simple random walk model of the unobserved state variable, e.g. the true underlying

value of a stock. I explicitly model the effect that unobservability implies by modeling an observed proxy
(fundamentals) to the true state variable. This proxy has noise (measurement error) superimposed on

the true state variable and thus fundamentals (or observable data) follow a random walk with noise.



concept of market efficiency. For various levels of noise, I can determine how many past

observations should bear heavily on the agent’s decision.

My main result of this section is that, in the presence of realistic levels of noise,
the updating solution emphasizes the most recent data observations.® Thus, empirically
observed weights mostly on recent data is consistent with a Bayesian framework in
a financial setting.® I demonstrate that one of two interpretations of my results are
possible. The first interpretation is that market data consists mainly of noise. Under this
interpretation, most anomaly studies would be due solely to chance and data snooping,
and thus must be rejected as unreliable. This first interpretation gives strong support
to the claims made in Fama (98). The second interpretation is that the empirically
documented use of past returns is consistent with Bayesian updating. Given Bayesian
agents heavily weight only the few most recent data observations, they should trade upon
the arrival of new information. The empirical literature documenting the high correlation
between recent data and agents’ decisions does not support the claim that agents are
heuristic and exhibit RB. By directly demonstrating the emphasis on recent data within
the standard financial markets paradigm, I also demonstrate that it is not always feasible
to directly transfer results from the less structured field of psychology to that of finance
and economics. Results surmised from contrived experiments on individuals, where the
structure is very different than that faced in real financial markets, may have little

resemblance to what is actually observed in a very structured and complex market

5The fact that Bayes’ rule heavily emphasizes recent data opens up the possibility to rationalize
many of the documented anomalies in the financial literature. Jordan (2004a) demonstrates that a
model similar to that used here can explain the excess volatility puzzle. Jordan (2004b) shows with a
simplified version of this model that long-term reversals, termed the overreaction hypothesis, can be
accounted for. Levy and Levy (forthcoming) argue that heavily weighting recent data has implications

for mutual fund flows, momentum, and the fact that empirical tests of the CAPM have failed.
6Although not stressed in the paper, my results have implications for the literature on trading

volume. In one of the few instances where the profession can agree, there seems to be a puzzle as to
why trading volume is so high, see Odean (1999). Of course, this intuition is given with the caveat that

there are no market frictions in my model.



setting. More to the point is that every model is wrong before the ink dries (otherwise
it would not be a “model”). However, a model is judged by how well it predicts reality
and on how useful it is in guiding intuition. Bayes’ rule passes both these standard tests

of usefulness in regards to the observed pattern of data usage in financial markets.

Two of the most widely used assumptions in economics and finance are Bayes’ Law
and market efficiency. Therefore, the results obtained in this paper may have implica-
tions for a wide range of problems studied in the literature. Much of the information
literature uses the assumption that agents act as Bayesians. For example, all agents
in Grossman (1976) and the vast subsequent literature are assumed to be Bayesian up-
daters. Today, the Bayesian paradigm is utilized to provide important insights in many
different fields from asset allocation to monetary policy.” It seems too early to throw
in the towel on Bayes’ rule and so much of the insight and understanding it has led
to in both finance and economics. In contrast to much of the behavioral literature, I
find that Bayes rule is still an interesting and valid model. I also find that much of
the insight gained in poorly understood environments common in psychology are not
necessarily applicable in models with well understood assumptions, as is typically the

case for financial models.

The paper proceeds as follows. In section 2, I review the current literature on the RB
and some implications of the above results are discussed. In section 3 the assumptions
made and the model set up are reviewed. This is followed, in section 4, by the solution
to the signal extraction problem. Simulations are performed in section 5 and it is shown
that emphasizing recent data does not contradict the use of Bayes’ rule. I point out the
causal relationship between overconfidence and RB in section 6. In section 7, I make

some simple estimates from observed data to calibrate the random walk with noise model

"Shanken and Tamayo (2001) use a Bayesian methodology to extend the work on asset allocation and
dividend yield by Kandel and Stambaugh (1996) to accommodate variation in risk as well as expected
return. Feldstein (2003) discusses the nature of the uncertainty faced by central banks and considers

the asymmetric nature of these risks utilizing a Bayesian approach.



and derive some estimates of the level of noise to information in market data. These
estimates act as lower bounds on the level of noise that must exist in the data for these
empirical observations to be truly classified as anomalies. Finally, I conclude and make

some closing remarks in section 8.

2 Recency Bias - An Overview

Tversky and Kahneman (1974) document the RB and representative heuristics in detail.
They argue that cognitive limitations force people to use heuristics to make complex
calculations and decisions. Shiller (2002) makes a strong case that attention is also a
fundamental aspect of human intelligence. Limitations in attention lead naturally to a
RB. De Bondt and Thaler (1985, 1987) argue that overreaction and systematic price

reversals lend strong support for RB and are inconsistent with Bayes’ rule.®

Short-term time series extrapolation is used in models of positive-feedback trading
(Shleifer and Summers (1990) and De Long, et al (1990)). Positive-feedback trading
is a trend following strategy that emphasizes recent observations. Shefrin and Stat-
man (1994) model some traders as true Bayesians and others as non-Bayesians in that
they “...form forecasts by overweighting recent events and underweighting more distant

events...”

Sirri and Tufano (1998) provide evidence that flows into mutual funds are concen-

trated among those funds that have recently had extraordinarily high performance.

8Tt is important to note here that some papers confuse RB with price reversals. However, the name
“Recency” Bias clearly identifies its meaning, that is people’s observed actions or decisions seem to be
driven mostly by the last few “recent” observations in violation of the standard optimal decision, which
is taken to be Bayesian updating. Note that neither price continuation nor price reversals necessarily
contradict Bayes’ rule. Either result can obtain depending on whether the agent’s prior considers
ranking or sorting. Bayes’ rule cannot be rejected based on a claim that the agent uses one prior verse

another prior.



Karceski (2002) shows that recent market returns also have a large economic impact
on subsequent aggregate mutual fund flows. Brown, Harlow and Starks (1996) and
Chevalier and Ellison (1997) find that mutual funds alter their risk taking behavior in
response to this flow performance relationship. Consistent with the mutual fund ev-
idence, Gruber (1996) finds that individual investors chase mutual fund performance

through time based on the most recent past returns.’

Technical trading is a popular technique on Wall Street and with individual investors,
as evidenced by the quantity of related news and published books. Technical trading
uses recent past data, in the form of charts, to forecast future price movements. Ex-
perimentally, Andreassen and Kraus (1988) verify this tendency by documenting that
people see the same trends and patterns in artificially generated data and in real stock
price data. Other trading strategies widely used that are based (at least implicitly) on
the expectation of recent trends to continue are stop-loss orders and range-break-out

strategies.

IPOs tend to trade for high returns when they first open, subsequently returns mean
revert. Derrien and Womack (2003) document that these initial [PO returns depend on
the past 3 months of the market return. Shiller and Pound (1989) find that, consistent
with the RB heuristic, institutional investors are also attracted to recent past price
increases. Frankel and Froot (1990) find that professional forecasters of exchange rates
expect recent price trends to continue in the short run even when they expect a long
run price reversal. Thus, claims of RB have been empirically documented across all
classes of investors, both individual and institutional. This body of evidence is generally
interpreted as corroborating the conclusion that Bayes’ rule is an inadequate model of

investors’ decision making process.

9Girri and Tufano (1998) suggest that the relation between fund flows and returns are related to
advertising activities. However, Gallaher, Kaniel and Starks (2005) show that the relation between

advertising and fund flows is independent of the relation between past performance and fund flows.



3 Model Setup

In the previous section, most of the literature documenting the relation between decisions
and recent observations in financial markets either (1) utilized mental experiments of
posing past prices and soliciting future expectations or (2) utilized regression techniques.
Both methods take the past decision variable as given or exogenous and correlate future
decisions or actions with the assumed exogenous or independent variables. In order to
adequately model these empirical studies in a theoretical framework, my model explicitly

assumes the use of an exogenous decision variable.

1. The decision variable. My initial model assumes a single decision variable, which
is dynamically observed over time. I limit the decision process to one variable for
simplicity. As in the empirical literature, I assume the decision variable is given
exogenously. This assumption implies that the decision maker is a price taker.
In order to facilitate the intuition of the setup, I will interchangeably refer to
the decision variable as the observed or realized log market price of a firm and I
will refer to the true underlying state variable as the true log value of the firm.
However, the analysis holds for any Bayesian agent who must use a noisy proxy

for a state variable that itself follows a random walk.

2. A Bayesian agent. There is an agent who is Bayesian by assumption. The agent
observes the realizations of the observed decision variable (the log market price of
the firm), and forms expectations for the true state variable (the true underlying
log value of the firm). The agent maximizes utility, or equivalently minimizes a

loss function, to form optimal expectations.!?

3. Observed and unobserved variables. To motivate the specific model I use for the

10Simon (1956) shows that expectations are optimal when “certainty equivalence” applies, which
applies in discrete time when the objective function is quadratic and the process is linear in the unob-

servable state variables. Both conditions are satisfied in my setup.



exogenous decision variable (e.g. past log prices), I only need to ascertain from
the reader that observed market data is imprecise (or contains a temporary com-
ponent.) I assume there is a true state value for every time period. If we lived in
a perfect information world, then we would observe this true state value to be a
random walk, that is, the true state would adjust immediately and instantaneously
to its new true value upon the arrival of perfectly observed new information. The
fact that we cannot observe this true state motivates the addition of a noise or
temporary component to the true state value in order to model the observed proxy

(e.g. the observed log market price).

I assume two types of innovations. The permanent innovation v, drives the in-
novation of the true underlying state variable which follows a random walk. In
contrast, the temporary innovation, or measurement error, e; represents the error
that is contained in the observed decision variable. The state variable is the true
log value of the risky asset, s;, which is unobserved or imperfectly observed. The
agent only sees a noisy proxy x;, the log price of the asset, and infers the state
variable from the realization of the current and past changes in the observed de-
cision variable (changes in log price). The temporary shock, which generates the
measurement error in the state variable, is assumed to persist for one period. The

following system describes the model:

S = S—1+
Ty = S + €

v; ~ N(0,02)
e; ~ N(0,02).

The measurement error and information innovation are assumed independent, this
implies that cov(vg,e;) = 0V ¢, 7. Note that the measurement error, e;, confounds
the price discovery because agents cannot separate mispricing from information at

each point in time.!!

"The random walk with noise model is an established model in the finance literature. Muth (1960)

10



4. Information. The information set, I; includes observed variable, e.g. log prices,
Xy, Ty_1, Ty_9, ..., which is a noisy proxy for the true variable. Equivalently within

a scale factor, the agent can use observed changes Ax;, Ax; 1, Axy_o, ...

5. Forecast of the state variable. The central problem is to study the evolution of
the expectation of the state variable, E[s;y1|[;]. T will show how a Bayesian agent
updates this conditional expectation upon the arrival of a new observation. This

Y

optimal update exhibits an endogenous “recency” effect, in that only a few recent

data points are weighted heavily.

4 The Bayesian Updating Solution

4.1 Variance-Covariance Matrix and its Inverse

Before I begin to discuss the model and its implications, there is a small but impor-
tant detail that needs to be addressed first. For all asset pricing models the variance-
covariance matrix ultimately comes under consideration. What is more important is
that in order to perform a Bayesian update, inverting the variance-covariance matrix is
necessary. Typically this is an immensely difficult task if complete generality is desired.
In the above model, we are fortunate to have some structure that makes this daunting
task doable. The inversion is still difficult and involved. So as not to ruin the continuity

or the intuition in the following sections, I address invertability in Appendix A.

Since I have an explicit solution to the inverse of the variance-covariance matrix, it
is now possible to solve the updating problem explicitly. As shown in Appendix A, the

inverse variance-covariance matrix can be summarized by the following functional form

popularized the model, while slight variations have been used in various empirical studies, e.g. Summers

(1986), Fama and French (1988) and Conrad, Gultekin and Kaul (1997).

11



(see equation (A.2) and equation (A.3)):
n
+1+k
® g =30 (" e
0 n—=~k
where the i, j" element of the inverse variance-covariance matrix, 3; !, can be written

as: .
—1
S0 G) =) fil@k+ - 1=t
k=0
It is worth pointing out at this time the structure of the function f(n) is similar to a
binomial polynomial in terms of o2 and o2. This structure is embedded in the inverse

variance-corvariance matrix X; ' by f(n) and this binomial structure has important

implications for the behavioral traits that a Bayesian agent will exhibit.

4.2 Information Extraction

The next theorem answers the question of how a Bayesian agent would extract informa-
tion from the observed noisy proxy, e.g. log market price, and how a Bayesian would
update expectations of the state variable, e.g. the true underlying log value of a firm,
over time. It is important to note that when conducting an experiment that any observed
action by the agent is driven by the update to the prior distribution. Any information
already incorporated into the prior will not influence an agents observed actions nor will
it change the variable of interest. Thus, the following theorem determines the change in
expectations upon the arrival of new information. It is this change in expectations that

is related to an agent’s observed action or observed response to new information.
Theorem 1 For a quadratic loss function and the economy with measurement error
represented by equation (1), the optimal Bayes” update is given by:

(3) h(l;) = Elsp1|li] = Else|I;-1]

where I, = Ax, = (Axy, Axs, ..., Axy) is the vector of changes in the observed variable

up to time t. h(ly) is the Bayesian update to the time-(t — 1) expectation of the state

12



parameter, sy, on the arrival of a new observation, Ax;. The optimal update function,

h(1l}) is given by:

(4) hI) = kw, -z

where w; is a weighting vector given by:

() w, = [(02)71 (02) 72 (07), (02) 2 (00)%, -, (02) () 72, (00) ]

z; = 7(I;) is the vector function of past observations, which is given by:

[ 2 3 t—1 t ]
Axy + Axy + Axs+ -+ Az + Ax,
1 2 t—2 t—1
3 4 t t+1
AfEQ + A.Tg + -+ Al't,l + Axt
0 1 t—3 t—2
5 t+1 t+2
Axrg+ -+ Az + Az,
(6) 7= 0 t—4 t—3
2t—3 2t—2
Az + Az,
0 1
2t—1
AZL't
0
and k is a constant given by:
2
k o

T fon(t) = o2fi(t — 1) + o2

Proof of Theorem 1!2

See Appendix B.

12The use of the squared loss function is justifiable for several reasons. First, the empirically observed
use of recent data is documented predominately utilizing least squares regressions. It makes intuitive
sense that a theoretical model that aims to explain the empirically observed regularities should make
similar assumptions. On a more theoretical footing (see Berger (1993)), squared-error loss occurs
naturally in certain settings. For example, if the agent is risk-neutral, the state of the economy is
perceived to be uniformly distributed (i.e. no good predictive rules), and the variable of interest

depends on the action taken in a linear manner, then the decision maker will exhibit a squared error

13



The signal extraction problem is well studied in many fields. Muth (1960) is probably
the most noted reference. However, my proof is the first finite time horizon solution to
my knowledge. There are two main results derived from this theorem. The first result
is the exponential nature of decay for the weights applied to past data typical of the
optimal signal extraction. This is not a new insight, but it is comforting to find that the
decay occurs quite quickly and is a strong property of the finite time optimal solution
as well. The second result is specific to the finite time solution. I am able to decompose
the decay structure of the weights applied to past data into two main components, each
reflecting a different cause for the heavy emphasis on recent data inherent to Bayesian
updating. The first component is due to the noise level of observed data. This is reflected
in the weighting vector, w;, of Theorem 1. The more noise there is in observed data, the
more weight will be placed on past data. The second component reflects the inherent
“recency” effect of the linear forecasting rules that constitute an optimal Bayes” update.
This is reflected in the z;-vector of Theorem 1. The mere fact that an observation
occurs more recently implies these linear forecast rules will weight it more heavily. This

decomposition is new and it is explored in detail next.

The first attribute of the update function h(1;) is that there is a weighting vector wy.
This weighting vector is a binomial product of the two variance terms. o2, the permanent
shock variance, represents the accuracy of information while o2, the temporary shock
variance, represents the degree of measurement error or uncertainty. The ratio, ¢ =
S/N = o2 /02, is the signal to noise ratio for the economy. The higher S/N is the more
informative the observed signals. An important symmetry exists in w;. For a higher S/N

economy, the elements in w, will shift the weight of an agent’s decision more and more

loss. Another justification can be made locally. If the decision is a local decision, then the error of the
forecast will be small on average. A second order Taylor expansion of the true utility function will yield
a squared error loss. Although not perfect, a squared error loss is tractable and does seem consistent
with the empirical methodologies used in this literature. Other commonly used techniques found in the
finance and economics literature, such as the Kalman Filter, also depend critically on the squared-loss

assumption.

14



toward the later elements of z,. In the limit, for S/N — oo, the weighting vector weights
the last observation in the information set infinitely more than all other observations.
Thus, the more informative a signal is or the more informative an agent thinks a signal
is, as prices are a function of subjective beliefs, the more the weighting vector will weight
those elements of z; that are functions of the most recent data. In the limit of large
S/N, the agent will essentially only consider the last observation in the information set,

A$t.

The second attribute of the update function h(I;) that is worthy of note is the pattern
of the coefficients in the sums that constitute each element of z,. Each element, z; ;, is
a sum of the past n — (i — 1) observations. As will be proved below, the coefficients of
each term in the sum grows with the recency of the observation. Thus in each row of z;

the most recent observation has the largest weighting.

An important attribute of the ¢ x 1 update vector z, is that each element (row) is a
linear forecasting rule over past observations in the information set. Each element, z; ;, is
a sum of past observations. If m > n, then row 2, ,,, will use fewer past observations than
row 2;,. The observations used in each row are the most recent t — (m — 1) observations
for row m and the most ¢t — (n — 1) observations for row n. As will be proved below,
the coefficients of each term in the sum grows with the recency of the observation. Thus
in each row of z; the most recent observation has the largest weighting. Summing all
update rows with appropriate weights from w, creates a weighted average of all these

linear forecasts.

The fact that a Bayesian agent in my model uses any observation other than the most
recent observation is strictly due to the fact that noise is present in the economy. This
is easily seen in either of two ways. The easiest way is to consider the weighting vector,
w;. If 02 — 0, then w; — [0,0,...,0, 1]03“‘1). Thus, from equation (2), equation (4)
and equation (B.4), h(I;) — Ax;. This also can be seen from equations (A.1), (B.5) and

(3). In the absence of noise, the variance-covariance matrix reduces to, ¥; = 021, where

15



I is the identity matrix. The inverse is now trivially ¥; ' = 0, 2I. Now equation (B.5)
reduces to Elsi1]l;] = Z;:o Ax;. Plugging this into equation (3), we again obtain our

result.

As pointed out in footnote 2 in the introduction, if the benchmark model is a Bayesian
model under a random walk, then the use of the description “over”, as in overweight the
most recent data, is inaccurate. In the absence of noise, any use of observed data other
than using the most recent data actually underweights the use of the last observation
and overweights any other past data that is used in the updating algorithm. With the
presence of noise, that is under a random walk with noise economy, it is possible for a
Bayesian to project onto past data. However, as I shown next, the preponderance of the

weight is still on relatively few data points.

5 Recency & Bayes’ Rule

5.1 Using a Proxy with Bayes’ Rule

Theorem 2 For a quadratic loss function and the economy with measurement error
represented by equation (1), a Bayesian agent will make decisions that will heavily em-

phasize the most recent data for any reasonable level of noise in the market.

Proof of Theorem 2

See Appendix C.

By ignoring the weighting vector w; we can make very specific statements about the
relative amount of use a Bayesian agent will make of respective data in the information
set. As shown in the noise estimation section below, the calculations here are probably
lower bounds on the weight put on recent data and thus on the conservative side. Real

agents most likely weight recent data points more heavily than is proved in the above

16



theorem.!?

To gain some intuition and feel for the degree to which recent data is emphasized, it

is useful to work through a few examples.

Example 1 I first compare the adjacent coefficients in a specific row of z; and show
that the weighting of any new data increases over the weight of any prior data, including
the most highly weighted of the prior data. First note, in the vector z;, the coefficient
of the j*"-row linear forecast rule and the k*"-information observation, Az, within this

jth-row is:

k=14
(7) Cj,k—< - )

Note that by the structure of the updating vector z;, £ > j always. Therefore, the

coefficient in each row grows in magnitude across adjacent columns as:

k+j k=14
(8) Acjr = Cjry1 — Gk = - ,
E+1—3j k—3j

A little algebra reduces this to:
2] —1 [k—1+j

9 Acjp = ———

(%) h k+1—y<kj)

Now it is obvious that the second term of the product on the right is greater than one as
it is a binomial coefficient. The first term of the product is positive as 25 > 1 always and
by construction k£ > j thus k +1 — j > 0. Thus Ac; > 0 as claimed. The coefficients
in the Bayesian updating vector increase with the recency of the observation. As this
result holds for each row of z;, we can conclude that each new observation is universally

given the most weight by a Bayesian, irrespective of the value of wy.

13The weighting of the most recent observed data holds for any finite observation set and holds in
the limit as an asymptotic result. The asymptotic result utilizes the tail of an infinite sequence, which
is not directly applicable for our purposes. However, this result is useful as it allows us to see how the

weights change as new data arrives.
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Example 2 It is worth highlighting a preliminary result that is proved in the derivation
of Theorem 2. For any finite time ¢, the sum of all weights for the & observation is just
the sum of all the coefficients for the k** observation in each row of z;. This sum can be

written:!*

w sy (07)

It was shown that wygy1/wrr > 1 for any finite k. This shows that the weight on the
(k+1)%* observation is increasing at a faster rate than any previous observation, including
the k™ observation. This can be written in a more intuitive form as, Wi k1 > Wk, Which
implies the same thing. Weighting recent data more heavily is prevalent in the Bayesian

update formula.

Similar to example 2, we can also compare the k' coefficient with the (k + n)t
coefficient. As shown in the proof of theorem 2, this ratio, wy gin/wir — 00 as n — oo.
This last result is an asymptotic result. However, as I show below the weight on recent
data exhibited by a Bayesian agent is very strong in finite samples as well. In fact, the

convergence of the above result is extremely fast.

5.2 Simulations

As the result in Theorem 2 is an asymptotic result, it is interesting to investigate the
finite sample properties of the Bayesian update solution. I simulate the weights on the
respective data for a range of reasonable past horizon lengths and for reasonable values
of the signal-to-noise ratio, ¢ = 02 /a2, T assume that monthly data is used and calculate
the how many past data points are given the bulk of the decision weighting for forecasts

based on histories of 12, 60, 240 and 480 months. Results for longer periods of data are

k—=1+7\ .
14When ¢ # 1, Wi = Z;?:l ( ]) ¢t
k=3
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shown in order to demonstrate the robustness of the results. 1 use the following values

L 111939 The level of noise in a market is an

of the signal-to-noise ratio: ¢ = 15,5, 155> 1; 5>

empirical issue that seems to have attracted little attention in the academic literature,

most likely due to intractability.

I simulate the updating coefficients for each observation that a Bayesian agent facing
measurement error will use. Equation (10) is the coefficient equation for each observa-
tion’s total weighting. I then calculate the ratio of the weights in the last N observa-
tions to the total weights on all observations at time-t. The lowest number N such that
P(N) > 0.50 for the 50% number and such that P(N) > 0.90 for the 90% number is
calculated. The calculated number shown in the tables is the number of observations
that accounts for 50% and 90% of the total weight respectively for a Bayesian agent.
The ratio of the last N observation weights to the total weight for the whole history of

observations is given by:

i Wik zt: zk:% Z Z<—1+1> 1

_ k=t—N+1 _ k=t—N+1 j=1 _ k=t—N+1 j=1
P(N) T t - t k 14
- J i
P DD cik ZZ( )
k=1 k=1 j=1 k

The lowest number of observations necessary to account for 100x% of the total weighting

used in the Bayesian update vector is given by:

P(N) >z where z = 0.50, 0.90

Table A summarizes the findings for the benchmark case of ¢ = 1 and clearly demon-
strates the strong emphasis on recent data present in the optimal Bayesian updating

formula.

[Table A about here]

The numbers in Table A are simulations of the total number of observations that are

used to account for 50% and 90%, respectively, of the total weights on all the observations
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in the information set. As the table demonstrates, a Bayesian making a decision with
price uncertainty heavily emphasizes recent data and uses very few data points to make
the bulk of the decision. For ¢ = 1 and using 480 observation periods (e.g. 40 years) of
historic data to forecast, the Bayesian only weighs two monthly observations with more
than 90% of the total wieghting. This table is a vivid demonstration of how fast the

asymptotic convergence in Theorem 2 really is.

The first set of numbers in Table A (¢ = 1) are simulated ignoring the weighting
vector w;. As w; can be written as a vector of powers in terms of the signal-to-noise
ratio ¢ (see Equation (D.1)), the N most recent data points that account for 100x% of
the total decision wieghts calculated in Table A could be quite different. If ¢ << 1, i.e.
the market is extremely noisy, then heavy weighting on only a few past observations will
be mitigated. The question is how much will noise mitigate the heavy emphasis on only

the most recent data that is inherent in the Bayesian updating paradigm?

Table B calculates N for high noise economies, i.e. for ¢ = 1/16,1/8,1/4,1/2. A
value of ¢ = 1/16 demonstrates the effect of substantial noise in a market on a Bayesian’s
weighting of past data. For this example, the overall market’s subjective estimate of the
level of noise in observed data is 16 times that of the market’s subjective estimate of the
level of information. This is indeed a very noisy market. Yet, in this case, only 7 to 9
of the most recent data points account for more than 90% of the total decision weights.
For an economy with a subjective level of ¢ = 1/4, which still constitutes high levels of
noise, a mere 4 recent data points are used in a Bayesian updating decision. Table B
again vividly demonstrates the strong and robust emphasis on only the most recent data
inherent in the Bayesian framework when only a noisy proxy of the true state variable

is available.

[Table B about here]

One feature is interesting to point out at this time. For very short historical data
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sets, the number of points used in Bayesian updating is sensitive to acquiring more data.
However, as is apparent in all three tables, once a minimum level of historical data is
available, then the decision of a Bayesian becomes rather robust to lengthening the data
set further. It seems for any reasonable parameterization of an economy’s noise and
information content that no more than 1 year of data and certainly no more than 5
years of data are required to obtain near optimal estimates. Even if the large literature
that documents the possibility of time-varying distributions for economic variables is
ignored, the results in this paper imply that only a short data set is necessary for a
Bayesian constrained by the accuracy of the observables. Thus, large data sets are not
necessarily going to yield substantial improvements over estimates that are made using

60 observations.!®

If ¢ = 1, the above results, i.e. an optimal Bayes’ forecast weighting heavily only
the most recent observations, in Table A are accurate. In fact, for a noisy economy
with a reasonable value of the signal-to-noise ratio, ¢ < 1, heavily weighting recent
data is also predicted. The simulations show that the mitigating effects of noise are not
substantial. While the level of noise grows exponentially, the number of relevant data
points, N, grows slightly faster than linearly. Thus, there would have to be unreasonable
subjective levels of noise to that of information for the emphasis on recent data exhibited

in the tables to disappear.

If ¢ > 1, say because the agent is overconfident or because the observed data is
informative, then the heavy weight on recent data is enhanced. Given the above results,
an overconfident Bayesian agent or a Bayesian agent using data that is informative will
only use the very last observation. Thus, if a Bayesian agent is overconfident, then RB
cannot be observed. In fact, Table C shows that it takes very little enhancement of the

perceived quality of information in observations to make the last observed data point

15Tn the context of stock market predictability, the results of the noisy Bayesian model imply that
the search for better results via collection of longer and longer data sets may in fact be a quest for the

Fountain of Youth.
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dominate the decision process. It must have been a Bayesian who coined the phrase:

“A little information can go a long way.”

[Table C about here]

One thing that all three tables indicate is that by relying on so few observations,
a Bayesian with noisy observations or proxies will update and change predictions (and
thus decisions) frequently. Unless the data generating process contains significant noise
levels, then positions should be updated frequently as well.! Thus, if investors are
Bayesian and if market prices are noisy proxies of the true underlying asset value (both
reasonable assumptions), then investors should trade frequently. More importantly from
the perspective of the RB debate, a Bayesian agent’s observed actions should be mainly

driven by the last few observations.

5.3 Bayes’ Rule and the Recency Bias — Discussion

In simple, single-agent, static environments, Tversky and Kahneman (1974) show that
base-rates are not adequately used. Although this claim is being reconsidered in the
psychological literature, this view has been adopted as fact in the economics and finance
literature. De Bondt and Thaler (1985) ask: “Does the stock market overreact?” They
present some empirics that overreaction exists. They claim that Bayes’ rule is not an
apt characterization of how individuals actually respond to new data. The reasons given
are: “In revising their beliefs, individuals tend to overweight recent information and
underweight prior (or base rate) data.” As I demonstrate in Theorem 2, this claim is not
true and the fault lies in the fact that the level of noise is not credibly high enough in
order to overcome the inherent heavy weighting of recent data that exists in a Bayesian

updating solution. What I show in this paper is that it is not enough to document the

160f course, transaction costs will mitigate the degree to which this statement is true.
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number of data points that affect an agent’s decision to prove that RB exists. All this
gives is a lower bound on the level of noise in the data. To prove RB, it is also necessary

to document the true level of noise.!”

Shefrin and Statman (1994) model some traders as true Bayesians and others as
non-Bayesians in that they weight recent observations too heavily. The financial empir-
ical literature does not support the claim that agents “over-weight” recent data. This
literature only confirms that recent data is weighted heavily. Again, this is precisely how
Bayesian agents who face price uncertainty behave. Thus I find the assumption of poor-
or non-Bayesian agents not supported by the experimental observations that decision
makers utilize only recent data. Following De Bondt and Thaler (1987), who argue that
RB leads to overreaction, it also appears that it is possible for a rational Bayesian agent

to exhibit “overreaction” as well.

The anti-Bayesian literature has even started taking some of these psychological
observations as a definition of Bayesian decision making, which of course makes the
definition self-fulfilling. A definition in Daniel and Titman (1999) states that Bayes’
rule “specifies that the weights placed on the different pieces of information should be
proportional to their respective precision.” As demonstrated above, Bayes’ rule is not
so simplistic. It is a weighted average of past data or more precisely a weighted average
of a set of linear projection models. These weights rely on several factors that are not
specifically related to the precision of the data. Other important determining factors
for how specific observations are weighted are: (1) the recency of the data and (2) the

relative informative properties of the overall market.

To conclude, when it is necessary to use a proxy in place of the true state variable

170f course, within the Bayesian framework, the assumption of overconfidence by De Bondt and
Thaler will make the Bayesian model an even more appropriate model for agents who emphasize only
a few data points, as what little effect noise could have extracted will be systematically ignored. This
also makes clear that the subjective probability of the agent must also be measured and compared with

the objective probability before any claims that RB exist can be made. (see Section 6).
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of interest, Bayes’ rule stands the test of much of the empirically observed behavior
of decision makers. Relying mostly on a few data observations and overreaction are
consequences of the use of Bayes’ rule, as implausible levels of noise would have to exist
in observed market data to significantly change these conclusions. As shown below, if
overconfidence exists, as much the same behavioral literature strongly claims, then it
is certain that any decision maker using Bayesian updating is going to exhibit strong

“recency” effects.

6 Overconfidence and Recency

Given the vast theoretical and empirical evidence that agents are overconfident, it is
interesting to explore how such overconfidence affects the fact that agents utilizing Bayes’
rule utilize recent data when unobservability is present. Robustness checks of results to
the existence of other possible effects is a very desirable property for any theoretical

model.

The weighting vector, w,, in the Bayesian updating formula has an important in-
fluence on the observed recency of data used. Specifically, under the assumption of
overconfidence, we can determine very definite directional effects on the weights. Thus,
it is possible to be precise about how the assumption of overconfidence will impact on a

Bayesian decision maker’s distribution of weights over past observations.

The following theorem summarizes the relevant findings.

Theorem 3 For a quadratic loss function and the economy with measurement error
represented by equation (1), an overconfident Bayesian agent will continue to make de-
cisions that heavily weight the most recent data. An overconfident Bayesian will exhibit
an enhanced use of recent data compared to a rational Bayesian. Extreme overconfidence

implies that the latest or most recent observation will dominate all observable decisions
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by the agent.

Remark 1 The most important insights to be gained from this theorem are (1) un-
der the assumption of overconfidence, the solution of any theoretical model should also
exhibit extreme weighting of recent data to be credible, (2) if a model assumes overcon-
fidence, then the credible degrees of freedom on the assumptions concerning how agents
use information is reduced to one degree, that is agents will utilize less data than if the
agent were not overconfident, and (3) if agents are overconfident and an experimenter
or empiricist ignores this fact, then the observed results will appear to exhibit RB. That

is, RB is a consequence of overconfidence and thus is not an independent heuristic.

Proof of Theorem 3

See Appendix D.

In my model, overconfidence manifests itself by the agent misjudging observed data
to be more accurate than it really is. This can easily be represented mathematically
as the signal-to-noise ratio, ¢, being perceived to be larger than it actually is. If the
market is perceived to be informative, then it is reasonable to assume that the perceived
magnitude of the variability in noise is smaller. Thus, it is reasonable to assume that
q = 02/c? is greater than reality and strong overconfidence should quickly make ¢ > 1.
Table C demonstrates the enhancement of the recency effect when the Bayesian decision

maker is overconfident, i.e. when ¢ > 1.

If a market has measurement error, as is true for any market where a noisy proxy
must be used for the true underlying state variable, then a Bayesian agent will tend to
be reactive to new information. This follows directly from the heavy weight placed on
recent observations exhibited by the updating formula. If an agent makes decisions based
primarily on only the last few observations, then his decisions will change whenever new
data is received. There is little to no smoothing of information by a Bayesian who is

forced to make decisions even if substantial noise exists in the proxy used for the true
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state variable. Overconfidence only strengthens these conclusions.

7 Aggregate Market Signal-to-Noise Ratio Estimate

Let’s state what we know as a profession. First, observed market data, including re-
turns, is noisy. Second, a decision maker in a noisy environment will desire to extract

information from observables. Whether optimal or heuristic, past data will be useful.

To put the anomaly literature and the endogenous “recency” effect inherent in Bayes’
rule into perspective, we will consider two anomalies. IPOs tend to trade for high
returns when they first open, subsequently returns mean revert. Derrien and Womack
(2003) show that the initial returns on IPOs in France over the 1992 to 1998 range were
predictable using the prior 3 months market returns. As returns reflect expectations
of the market, on average, agents utilized the 3 most recent past returns in forming
expectations. De Bondt (1985) suggests that agents, by concentrating their decision
weights on the 3 most recent observations, utilize too few observations and exhibit RB,
in that past returns are weighted too little. As many of the empirically documented use
of the most recent past data is in the mutual fund literature, we take this as our second
example. Although most funds flow studies utilize the prior years returns, Warther
(1995) investigates fund flows with respect to past monthly returns. He finds statistically
and economically significant use of the prior three months returns. However, returns due
to months prior to the first three are not significant. Both studies could be used to claim
that agents’ decision making process violate market efficiency and optimality. Neither
study controls for the level of noise in the observed data, nor is there any control for
agents’ subjective probabilities. With my model, we can consider both these studies

within a unifying framework and see that these studies report consistent results.

The idea behind the analysis is simple. First, to set up a benchmark case, we assume

the observed use of the data is optimal according to Bayes’ rule. If we define the relevant
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range of data for making decisions as those points that contain at least 90% of the
decision weight, then the above calculations allow us to estimate the aggregate market
subjective signal-to-noise ratio, ¢;,. Once we can identify how many past observations
an optimal agent weighs heavily, we can use the simulation results to back out the level
of noise in the data, assuming the agent is Bayesian. For the claimed anomaly to truly
be RB, it is then necessary for the level of noise in the data to be greater than we
estimated under optimality. That is, we can determine an upper bound on the signal-
to-noise ratio in the market data for RB to be credible. Finally, we need to make a
value judgment whether lower signal-to-noise ratios (or higher levels of noise) than our
upper bound (given by our estimate under optimality) are reasonable or not. Depending
on the reader’s value judgment, RB will be validated or dismissed. Ultimately, it is an
empirical issue as to how much noise is in the data and how overconfident an agent is.
The less noise in the data and the more overconfidence that is assumed, the less credible

is the claim that RB exists.

Applying the above idea to back out the signal-to-noise ratio of the market data,
associated with the use of the past three observations, gives us a value of ¢;;, = 0.5 from
Table B. That is, we arrive at the estimate: 02 ~ 202, If we assume the decision maker
acts optimally, then this must be the subjective level of noise in the data. However, if
we assume the agent exhibits RB, then ¢, < 0.5, that is ¢}, = 0.25 or g3, = 0.125 or
even less!'® Depending on our perspective, we can now conclude either, but not both,

of the following:

1. Irrational Pricing or RB: The signal-to-noise ratio is smaller than or bounded

above by 0.5.

2. Optimal Pricing: The signal-to-noise ratio is approximately 0.5, as information

is used optimally.

18Recall that returns are given by: Az, = vy + e; — e;—1. Thus, under the RB assumption, returns

will consist almost totally of noise.
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The above literature supports the hypothesis that there is extreme levels of noise
in observed market data. Taking this as true, then it is unreasonable to make the as-
sumption that a decision maker uses observed data as the true value. The data suggests
that real decision makers truly are deciding as though the observed decision variable is
a noisy proxy for the true underlying state variable of interest. Thus, if any model of
financial decision making does not model measurement error, then large model misspeci-
fication error will be introduced with certainty. The extreme level of noise in the market
demands that its effects need to be accounted for specifically. This is true regardless of

one’s view concerning the use of optimal or heuristic decision rules.

The vast body of tests of market efficiency are based on the random walk hypothesis.
To date, this literature has had disappointing results in its attempt to prove that markets
are efficient. The results in this paper suggest that any model of market efficiency that
is based on a model that ignores the large effects of noise will introduce very large model
misspecification error. Fama (1998) discussed in detail the dire effects of the “bad [asset-
pricing] model problem” which arises from model misspecification error introduced by
using the wrong asset pricing model. It seems that many of Fama’s concerns are as
relevant in the case of the random walk model of market efficiency. The “bad market-
efficiency model problem” must now be added to the list of reasonable explanations as to
why empiricists should expect to find anomalies when using historical data with current

models for financial markets that ignore noise.

8 Summary

Thirty years ago, the psychological literature proposed that agents exhibit RB, that
is agents utilize fewer observations than required by an optimal Bayesian update. Al-
though the psychological literature in the past ten years has rejected and overturned

this proposal (see footnote 2), the finance literature continues to accept this as dogma.
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Interestingly, in nearly a quarter century since this claim was brought to the finance pro-
fession, no paper carefully analyzes, in an imperfect and noisy environment, the relation
between the empirically observed fact that agents use only a few recent data observa-
tions and the optimal data use with respect to Bayes’ rule, which is the norm in financial

markets. This paper fills this void.

My results echo the concerns discussed in Levy and Levy (forthcoming), who demon-
strate that the static one-shot lotteries utilized in many of the individual behavioral
experiments are not adequate to model investor decisions in a time series setting. They
demonstrate that providing data in a one-shot time-series representation alters individ-
ual decisions compared to those made under a static lottery representation. Real markets
present decision makers with a dynamically updating time series of returns. The data
observed by real market participants is drastically different in representation than data
used in either the heuristic literature or Levy and Levy. I compliment Levy and Levy
(forthcoming) in that I demonstrate that in such dynamic environments with imperfect
information, that is when noise is convolved with information, heavily weighting of re-
cent data does not necessarily contradict Bayes’ rule, as Bayes’ rule can generate any
level of weighting on recent data depending on the quality of information in the observed
data. I conclude that reasonable estimates of the level of noise in financial data imply
consistency with Bayes’ rule and the observed use of data by decision makers in the

empirical literature.

The Bayesian paradigm has been an important and useful tool utilized by finance and
economic academics for decades. Some very basic and important intuitions in both fields
have been gained due to the tractability of the standard Bayesian updating problem.
Recently, the finance and economic literature has been espousing the non-viability of
Bayes’ rule. In this paper, I demonstrate that this position is unfounded. I also identify
the cause of this misperception of Bayes’ rule as invalid to the simple fact that implausible

levels of noise would have to exist in the proxies for the true underlying decision variable
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to be able to validate RB. When Bayes’ rule is adjusted for the presence of a noisy
proxy many previous anomalies are predicted decision norms. Thus, the vast body
of psychological and experimental literature on decision making supports (rather than

violates, as claimed) the validity of the Bayesian paradigm.

A secondary, but still important, implication of the results of this paper is that
finance and economic researchers should be cautious of adopting results directly from
the psychological literature. Standards should be set, as a profession, to ensure that
the structure of the psychological experiments reflect the structure of the environment
faced by an investor, both institutionally and observationally, as previous literature
suggests both are important determinants of the end results. Further, experiments,
typically conducted on individuals utilizing standards and procedures much different
from accepted experimental practices in economics, should be questioned and stress
tested to ensure the results hold up to the standards required in our own profession.
Lastly, we should ensure that results are generalizable from individual to aggregate

settings, as ultimately a market is an aggregate entity.

Finally, to adequately construct an economic or market experiment that can distin-
guish between Bayes’ rule and RB, the experimenter must control for (1) the level of
noise perceived in the data, and (2) the level of overconfidence inherent in the agent.
Both represent formidable challenges to the psychological and experimental literature.
To date, not one paper has performed adequate controls to conclusively conclude that
Bayes’ rule is an invalid decision making paradigm. As argued in this paper, many of
the empirically documented facts in the finance literature appear to be consistent with

the assumption of a Bayesian decision maker.
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Appendix A: Var-Cov Matrix and its Inverse

For all asset pricing models the variance-covariance matrix ultimately comes un-
der consideration. What is more important is that in order to perform a multivariate
Bayesian update, inverting the variance-covariance matrix is necessary. Typically this
is an immensely difficult task if complete generality is desired. In the above models
(equation (1)), we are fortunate to have some structure that makes this daunting task
doable. The inversion is still difficult and involved. So as not to ruin the continuity or

the intuition in the paper, I address invertability in this appendix.

Define the information set I, = Ax, = (Azy, Axs, ..., Ax,). For simplicity of no-
tation, define ¥, = L™ = cov(Axy, Ax;). We can calculate the variance-covariance

matrix of Az, = v, + e, — ;1 as follows:

-2024-03 —o? 0 0 ... 0 0 0
—02 202402 —o? o ... 0 0 0
(A1) 5 - 0 —o? 202'—4—012) —0o? 0 0 0
0 0 0 0 —0? 202402 —0o?
|0 0 0 o ... 0 —o? 203—1—03_

This variance-covariance matrix has many desirable properties. First and foremost,
it is a tridiagonal matrix. A band matrix is always easier to work with than a full
matrix. Second, the matrix is both symmetric (N or mathematically A(i, j) = A(j,1) )
and persymmetric, () or mathematically A(i,j) = A(n+1—j,n+1—1)). Finally,
the matrix has only one repeated row vector. However, this row is shifted to the right!?

one column each time the row number is increased by one. Such a matrix is referred to

19This means that a zero is dropped off the right side of the row vector and a zero is added to the

left side of the row vector.
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as a Toeplitz matrix.?’

These three special properties of our variance-covariance matrix allow us to calculate
its inverse. This allows us to derive a closed form solution for the Bayesian update
problem in the next section. This closed-form solution then allows us to study the

specifics of how a Bayesian agent updates expectations on the arrival of new information.

The symmetric and persymmetric properties of the variance-covariance matrix are
preserved in the inversion process, so the inverse matrix has these properties as well.
Thus, we only need to calculate one quadrant of the inverse matrix as symmetry gives
the right quadrant and persymmetry gives the remainder of the matrix. If ¢ is odd, then

we need to calculate the following elements of the inverse variance-covariance matrix:

For ¢ Odd = X
X ... X
X X ... X X

X X X ... X X X

If t is even, then we need to calculate the following elements of the inverse variance-

20The general form of a 4x4 Toeplitz matrix, for example, is:

T =
-2 T-1 To "N
r-3 T-2 T-1 To
In our case, r_1 =11 = —02, 19 = 202 + 02, and all other r; = 0 for |i| > 1.
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covariance matrix:

For t Even = X X
X ... ... X
X X ... ... X X
X X X ... ... X X X

Theorem A Given the variance-covariance matriz 3 of the Random Walk with Noise

economy represented by equations (1), the inverse, ;', can be calculated.

Fort odd, ;' equals:

> f(24)
1 J=0
fe+1(8)
2
> fe(24) > (25 +t—5)
j=0 j=0
1 1 1 1
> > fe(25+1) Dof2i+t—4) D fu(2j+t-3)
j=0 j=0 j=0 j=0
L f¢(0) fe(1) fi(2) fe(t —3) fe(t —2) fe(t—1)]
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For t even, X7 equals:

>R > f(25+1)
1 j=0 j=0

fe+1(t)
2 2
> fe(24) > fi(25 +t-5)
1 lj:O JTO 1
> £i(2) Y fe(2+1) D o fe(2i+t—4) > fe(25 +t—3)
§=0 j=0 j=0 j=0
| f:(0) fe(1) ft(2) fe(t=3) fe(t—2) fe(t=1)]
Where,
“ 1+k
(A.2) fulny =S (" T gt g
om0 n—=k

and the it" | j" element of X7 can be written as:

(A.3) S i) =S A2k —1—t+1)
k=0

Proof of Theorem A

For t = 2 and ¢t = 3 the inverse is calculated directly from Gauss elimination as:

L I 22402 o
2 T 33 2.2 4
3o; + 4oio; + o o2 202+ 072
30i+40%02+0l 20440202 ol
1
-1_ 4 2 2 4 2 2 4 4 2 2
3 6 4 +2 2 ~4 6 20€+060U 406—{—40'60'7)—{—0‘,0 2Oe+aeav
40+1000;+60%0,+0f
ol 201 +0202 3ot+40202 40l

Calculating f;(n) for the following combinations of ¢ and n, we directly verify the validity

of the inverse matrix for t = 2 and ¢t = 3.
f2(0) = o?
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and
f3(0) = o
f3(1) =202 +0202
f3(2) = 302 +40%02+o!
and

f4(3) = 408+ 1002072 —1—60203—#03

Now make the induction step and assume that the inverse formula holds for ¢t = T—1.
It is only necessary to show the validity for ¢t = T and we am done. By a simple
application of Gauss elimination, we obtain the inverse of the following partitioned

matrix: .

Ay A AT + ApFAQ AL —AARF
Ay Ay —F Ay AL} F
Where
F = (Agy — Ay ATt A) ™!

Since we have

5, — e Ay
Agl 20'3 + O'g
If we let a prime (') signify matrix transposition, then A;; = S 1, Agy = (202 + 02),

Ay = A, and Ay, is the following 1 x (T' — 1) matrix:
A =10,0,...,0,—07

e

Therefore we immediately get the inverse of ¥ from the formula for the inverse of a

partitioned matrix above:

(A.4) F = (Ag — Ay - A Arg) ™' = [(207 + 07) — Ay - 571, A ™!
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SrL (I 4+ Ap - FA, -S3h) =S5t ApF

(A.5) Nt = ,
—FAp- 2;11 F

Note that in our application, since Ay is a scalar, F' is a scalar and can be moved in
and/or out of the matrices as desired. Also note that Ajs pulls the last column out of
Y1, and then A, pulls the last row or element out of X', A;5. We thus get a simple

formula for F' as follows:

(A.6)
4fT—1(T—2)]_1 _ { fr(T —1)
“ fr(T-1) (202 +02) fr(T = 1) — ot fr (T - 2)

F=|(202+0))—0

By extending the definition of the binomial coefficient to the cases j < 0 and n < 7,

such that:

(A7) (”) =0
J

it is possible to handle the calculation of ' Vn, rather than on a case by case basis. We

will need an elementary analytical result for binomial coefficients:?!

” (-0

To finish the derivation of F', we need to show that the denominator in Equation (A.6)
is fri1(T). This will then show that in fact F' = (Xr)rr according to the formulas in
Theorem 1. Utilizing the definition of fi(n) in Equation (A.2):

T-1
T+k
202+ 02) fr(T — 1) — fr_ (T —2) = 2 o 2T=F) 52k
art b=y == 23 (1)

T+k
(A.9) + Z( + Ug(T—l—k)gg(k—&-l)

2'Equation (3.1.4) in Abramowitz and Stegun (1972).
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T-1
202+ 02)fr(T — 1) — fr(T —2) = 2§:<T+k> T—k) 52k
k=0

T—-1-—
T
(A.10) + Z Stk g A=) 52k
5
. (T 14 k> 2T 2
e \T -2k

Utilizing the extended definition of the binomial coefficient Equation (A.7), the coeffi-

T-k) Qk

cient of ae can be written for all k =0...7 as:

T+Ek T—-1+k T—-1+k
(A.11) ck:2< - >+( +>—< +>
T—-1-k Tk T—-2—-k

Repeatedly applying Equation (A.8):

T+k T-1+k T+k T-1+k
T-1-k T-k T-1-k T-2-k

~
use Equation (A.8)

T+k T—-1+k T—-1+k
T-1-k T -k T-1-k

-

use Equation (A.8)

T+ k T+ k
(A.14) %:( N >+<+>
T—-1—-k% T—-k

~
use Equation (A.8)

T+1+k T+1)+k
(A.15) %:<+ >:<(+) )
Tk (T+1)—1—k
Thus, plugging in ¢; and calculating the denominator of F', we can then write f as:
T—-1 T-1
(A.16) Ja— i S l) — = fr( ) - fJTC( (T))
Zk 0 CkOe Oy ZT T+1+k US(T—k)U% T+
k=0 Tk v
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This proves that I, which is the (T,7)" element of Z;l, is in fact as the formula

suggests.

The next step in the construction of ¥' is to computer directly the remainder of

the T row. The formula is given by Equation (A.5) as Ry = —F A}, - ¥7!,. Recalling

2

from above that A}, pulls the last row from ¥,', multiplied by the constant —o?, we
get:

1
(A.17) Ry = 0} F = [fr-1(0), fr1(1), ..., fr—1(T — 2)]

fr(T —1)
Noting that by definition of f;(n) that o2f;_1(n) = f;(n)Vt and recalling the formula of

F given by Equation (A.16), we obtain:

1
- [f7(0), fr(1), ..., fr(T —2)]

we have thus constructed the last row of ¥, and demonstrated that the formula holds

(A.18) Ry

in this case.

An important property of our matrix already noted is that it is Toeplitz. A Toeplitz
matrix preserves the symmetry and persymmetry properties of the matrix upon the
operation of inversion. Thus, ¥; ' is both symmetric and persymmetric for all ¢. This
allows us to calculate the remainder of the lower quarter of the matrix inverse and thus
to finish off the proof of the induction step. The symmetry of ¥7.' gives the last column
of the inverse from the last row and the persymmetry property gives the remaining two
edges of the inverse matrix, the first row and, most importantly, the first column. we

have thus shown:

[ (T -1 (T -2) fo(T-3) . fr(2) fr(1) fr(0)
fr(T -2) fr(1)
) fr(T —3) fr(2)
fri1(T)
fr(2) fr(T —3)
fr(1) fr(T —2)
| fr(0) fr(1) fr(2) coe (T =3) fr(T=2)| fr(T-1) |

To finish the proof, we note that all entries of the inverse matrix are determined from

the last row of the inverse matrix. The structure of the variance-covariance matrix for
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n =1...T — 1, that is the Toeplitz, symmetric and persymmetric properties, implies
the specific structure of the inverse matrix where all entries are determined from the
last row in the specified manner. As the variance-covariance matrix for n = T has the
same structure and properties, its inverse will be determined once its last row is known
and it will possess the exact structure. This symmetry argument completes the proof.

Q.E.D.
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Appendix B: Proof of Theorem 1

Theorem 1 For a quadratic loss function and the economy with measurement error

represented by equation (1), the optimal Bayes” update is given by:
(B.1) h(ly) = Elsia|L] — Elsi|1i-1]

where Iy = Ax; = (Azy, Az, . . ., Axt)/ is the vector of changes in the observed variable
up to time t. h(ly) is the Bayesian update to the time-(t — 1) expectation of the state
parameter, sy, on the arrival of a new observation, Ax;. The optimal update function,

h(1}) is given by:
where w; is a weighting vector given by:

(B.3) w, = [(02)71, (02)72(03), (02)*(00)%, -+, (92)(00) 2, (00)" ]

€ € v € v € v v

7, = 7,(I;) is the vector function of past observations, which is given by:

[ 1 2 3 t—1 t |
< )A.ﬁlfl + A.CEQ + A.’ﬂg + -4 Axt_l -+ A.I't
0 1 2 t—2 t—1
3 4 t t+1
AZL’Q + A.I’g + -+ Al’t_l + Al’t
0 1 t—3 t—2
5 t+1 t+2
Axs+ -+ Ax,_q + Axy
(B4) Z;— 0 t—4 t—3
2t—3 2t—2
< )Al‘t_l + Al‘t
0 1
2t—1
Al't
0

and k 1s a constant given by:

0.2

S 1y ey P e
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Proof
Define vy = (v1,v9,. .. ,Ut)/ and [; = Axy, = (Azy, Az, . .. ,Axt)/. For simplicity of

NATAT — cov(Axy, Ax,). First, it is a well known fact that

notation, define ¥; =
given a quadratic loss function, L = [s; — g(Ax;)]?, that the optimal decision function
g* is the mean of the conditional distribution of s; given the observations Ax;, thus,
g (Axy) = E[s;]Axy] = E[s;|];]. Given the assumptions, we can calculate the mean

vectors and the variance-covariance matrices as follows:
A
pl=pt* =0, and NP =30 =g

and 2, = L84 a5 defined in Equation (A.1). Using standard normal distribution

theory results?? and utilizing the linearity of the expectations operator, we obtain:
(B.5) Els)|I] = o2 (1’ oy Axt>

By definition, h(1;) = E|[sii1|1] — Els¢|I;—1]. Using equation (B.5), the inverse variance-
covariance matrix, Y; ', as calculated in Theorem A and noting that E[s,it|I,] =
E[s;|1;], we obtain equation (?7?) for h(l}).

Q.E.D.

228ee Greene (2000), page 87.
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Appendix C: Proof of Theorem 2The signal extraction problem is
well studied in many fields. Muth (1960) is probably the most noted reference. However,
this proof is the first finite time horizon solution to my knowledge. There are two main
results derived from this theorem. The first result is the exponential nature of decay for
the weights applied to past data typical of the optimal signal extraction. This is not
a new insight, but it is comforting to find that the decay occurs quite quickly and is a
strong property of the finite time optimal solution as well. The second result is specific
to the finite time solution. I am able to decompose the decay structure of the weights
applied to past data into two main components, each reflecting a different cause for the
inherent “recency” effect. The first component is due to the noise level of observed date.
This is reflected in the weighting vector, w;, of Theorem 1. The more noise there is
in observed data, the more weight will be placed on past data. The second component
reflects the inherent recency of the linear forecasting rules that constitute an optimal
Bayes’ update. This is reflected in the z;-vector of Theorem 1. This decomposition is

new.

Theorem 2 For a quadratic loss function and the economy with measurement error
represented by equation (1), a Bayesian agent will make decisions that will heavily em-

phasize the most recent data for any reasonable level of noise in the market.

Proof
As in Example 2, I define for any finite time ¢, the sum of all weights for the k"

observation as the sum of all the coefficients in the k**-column. This sum can be written:

k k
k—1+j
Cik = ,
i=1 =1\ k=

I will first prove that at any time ¢, the weighting on the k" observation is greater

(Cl) wt’k =

than the weighting on the (k — 1) observation. Forming the ratio and expanding the
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factorials:

Zk (k— 1+J)(k 2+j5)---(k+1—j)
Wi, k+1 _ Jj=1 2j—1)!

- k— E k—
Wtk Zk,f( 2+J)((2] 3'1"‘)J|) (k—4)

k—1+5)[(k—2+5) - (k+1—j
2521( 2I( = +J) ( 7))

_ Z;C;ll [(F—2+j5)-- (k+1 D(k—3)

(CQ) (25—-1)!
Zk (k=14)[(k—2+7)-- (k+1—7)] (2k—1)[(2k—2)--(1)]
_ J (2j-1)! I (2k—1)!
o [(k—247)-(k+1—7)] k=1 [(k—2+3)-(k+1—7)](k—j)
Z (Qle) ’ ) 2 i1 o jJ
>1 >0

The first term on the right hand side is greater than one as (k+j) > (k+1—j), Vj by
construction. The second term on the right is greater than zero. This proves the first

claim that w41 > wiVE, k.

Now we want to show that wy gn/wir — 1 as n — oo. Again, forming the ratio and

expanding the factorials:

(C.3)
Zk+n (k+n—1+47)(k+n—2+44) - (k+n+1—3)
Wi k4n Jj=1 (2j—1)!
Wik - Zf_ (k— 1+J)(k( ]2+])) (k+1-j)

Zk (k=1+j+n)(k—2+4j+n)--(k+1—j+4n) Zk+n (k=1+j+n)(k—=2+j+n)--(k+1—j+n)

. j=1 (2j—1)! n j=k+1 (2k—1)!
- Zk—l (k—1+5)(k—2+7)-(k+1—7) Zk_l (k—1+4)(k—2+7)-(k+1—4)
j=1 (2j—1)! Jj=1 (25-1)! ,
—00 a:gr n—oo >0

Thus we have shown the finite property of each new observation is more weighted then
the most heavily weighted observation to date and that all the weight of the data is
eventually concentrated in a section of the last data. This proves the second claim.
Simulations are needed to demonstrate finite sample properties and speed of convergence.

Please see Tables A, B, and C and the simulation section.

Q.E.D.

43



Appendix D: Proof of Theorem 3

Theorem 3 For a quadratic loss function and the economy with measurement error
represented by equation (1), an overconfident Bayesian agent will continue to make de-
cisions that heavily weight the most recent data. An overconfident Bayesian will exhibit
an enhanced use of recent data compared to a rational Bayesian. Extreme overconfidence
implies that the latest or most recent observation will dominate all observable decisions

by the agent.

Proof
Overconfidence means that the agent believes the observed data is more informative
than it actually is. This is interpreted as, given the relation of the information effect o2
to the noise effect o2, the agent perceives this relation to be more informative than it is.
To see this, it is probably easier to rewrite the weighting vector wy by first defining the
signal-to-noise ratio ¢ = S/N = 02/0%. Now it is easy to represent overconfidence, as
the subjective signal-to-noise ratio is believed to be larger than the true signal-to-noise
ratio, (@subjective > Qirue)- Writing wy in terms of ¢ we get:

v - g (3 ()7 @)
(D.1)

= (O—g)t_l[la q, q27 T qt_27 qt_l]

The growth is exponential and therefore it can be very significant. The leading term,

2

2)=1 in W; is a constant that is multiplied to every element in the updating vector.

(o
Thus this term will not effect the relative values of the different entries and, for our
purposes here, can be ignore. We thus need only consider the vector W = #W;,

where:

(DQ) W= [17 q, q27 ) qt_27 Qt_l]

Let m > n. If ¢ > 1, the exponential growth in ¢ weights the later linear forecasting
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models, say z,,, in the z, vector of equation (B.4) at the expense of the earlier forecast-
ing models, z;,. It is precisely these later linear forecasting models that use fewer data
points. The data points used in 2 ,, are also the most recent t —m — 1 observations. And
as proven previously, the coefficients are higher on the more recent data. Thus, the linear
forecasts with the most weight on the most recent data are more heavily overweighted
by an overconfident decision maker compared to a standard decision maker. If the agent
is extremely overconfident such that it is believed that full information can be extracted
from observed data, i.e. ¢ — oo, then only the last linear forecasting model, z;, is used
to update. This singular forecasting model consists of one data observation, which is
the last observation Ax;. Thus an extremely overconfident agent will only use the very
last observed data point and will completely dominate the decision making process.

Q.E.D.
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Table A: Simulation Results for Bayesian Recency Effect
Benchmark Market - (q =1)

I simulate the updating coefficients for each observation that a Bayesian agent facing
measurement error will use. The following coefficient equation gives each observation’s

total weighting:
k

wthcj,kZ< —1+g>

I then calculate the ratio of the weights in the last N observations to the total weights
on all observations at time-t. The lowest number N such that P(N) > 0.50 for the 50%
number and such that P(N) > 0.90 for the 90% number is calculated. The calculated
number shown in this table is the number of observations that accounts for 50% and 90%
of the total weight respectively for a Bayesian agent. The ratio of the last IV observation
weights to the total weight is given by:

SR VD SETRNID DI Sl (e

_ k=t—N+1 _ k=t—N+1j=1 _ k=t=N+1j=1
P(N) = - = — -
SRV 9 3D 9 of (i)
k=1 k=1j=1 k=1j=1

The lowest number of observations necessary to account for 1002% of the total weighting
used in the Bayesian update vector is given by:

P(N) >z where x = 0.50, 0.90

The following table gives the calculations of the recency effect for each length of time (1,
5, 20 and 40 years).

Number of observations, N, that has at
least 50% or 90% of total weighting
Percent of | 12 months | 60 months | 240 months | 480 months
Weights (1 year) (5 years) (20 years) (40 years)

q=1
50% 1 1 1 1
90% 2 2
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Table B: Simulation Results for Bayesian Recency Effect
Noisy Market - (q < 1)

I simulate the updating coefficients for each observation that a Bayesian agent facing
measurement error will use. The following coefficient equation gives each observation’s

total weighting:
1435\ ;-
wtk_zc], Z( ! .a)cﬂ )
Jj=1 J

I then calculate the ratio of the weights in the last IV observations to the total weights
on all observations at time-t. The lowest number N such that P(N) > 0.50 for the 50%
number and such that P(N) > 0.90 for the 90% number is calculated. The calculated
number shown in this tableis the number of observations that account for 50% and 90%
of the total weights respectively for a Bayesian agent. The ratio of the last N observation
weights to the total weights is given by:

t

SRTEND SIS SETD O Sl (b

_ k=t—N+1 _ k=t—N+1j=1 _ k=t— N+1] 1
P(N) - t - t ok B 14
> Wik DD ik ZZ ( j)
k=1 k=1 j=1 k=1 j=1

The lowest number of observations necessary to account for 100x% of the total weighting
used in the Bayesian update vector is given by:

P(N) >z where z = 0.50, 0.90

The following table gives the calculations of the recency effect for each length of time (1,
5, 20 and 40 years).

Number of observations, N, that has at
least 50% or 90% of total weighting
Percent of | 12 months | 60 months | 240 months | 480 months
Weights (1 year) (5 years) (20 years) (40 years)
q=0.5
50% 1 1 1 1
90% 3 3
q=0.25
50% 1 1 1 1
90% 4 4 4
q=0.125
50% 1 1 1 1
90% 5 6 6
q = 0.0625
50% 2 2 2 2
90% 7 9 9 9




Table C: Simulation Results for Bayesian Recency Effect
Informative or Overconfident Market - (q > 1)

I simulate the updating coefficients for each observation that a Bayesian agent facing
measurement error will use. The following coefficient equation gives each observation’s

total weighting:
k k .
_ _ k—1+ J Jj—1
o= en=3 (115
j=1 j=1

I then calculate the ratio of the weights in the last N observations to the total weights
on all observations at time-t. The lowest number N such that P(N) > 0.50 for the 50%
number and such that P(N) > 0.90 for the 90% number is calculated. The calculated
number shown in this tableis the number of observations that account for 50% and 90%
of the total weights respectively for a Bayesian agent. The ratio of the last N observation
weights to the total weights is given by:

Yo Y Yer 3 R ()

k=t—N+1 k=t—N+1 j=1 k t—N+1j=1
P(N) === = == =
ORI 5 TEEED 9 M G R T
k=1 k=1j=1 k=1j=1

The lowest number of observations necessary to account for 1002% of the total weighting
used in the Bayesian update vector is given by:

P(N) >z where x = 0.50, 0.90

The following table gives the calculations of the recency effect for each length of time (1,
5, 20 and 40 years).

Number of observations, N, that has at
least 50% or 90% of total weighting

Percent of | 12 months | 60 months | 240 months | 480 months
Weights (1 year) (5 years) (20 years) (40 years)

q=1.5

50% 1 1 1 1

90% 1 1 1 1
q=2

50% 1 1 1 1

90% 1 1 1 1
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