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Natural Selection in Financial Markets:
Does It Work?

Abstract

Can investors with incorrect beliefs survive in financial markets and have a significant impact
on asset prices? My paper addresses this issue by analyzing a dynamic general equilibrium
model of a growth economy with some investors having rational expectations while others
having incorrect beliefs concerning the mean growth rate of the economy. The main findings
are as follows. i) Controlling for preferences, investors with incorrect beliefs cannot survive
in the limit. ii) Calibrations reveal that it takes, on average, hundreds of years for an
investor to lose half of his wealth share even if his beliefs persistently and significantly
differ from the truth. This long time-span of the selection process implies that investors
with incorrect beliefs have a significant and long-lasting impact on asset prices. iii) The
elasticity of intertemporal substitution and the time discount rate determine an investor’s
saving motive and so his chance for survival. Calibrations show that even a slightly larger
elasticity of intertemporal substitution or a slightly smaller time discount rate is sufficient for
an investor to dominate the market, even if his beliefs persistently and substantially deviate
from the truth. These results are robust to various extensions of the baseline model. Thus,
this paper concludes that the natural selection mechanism alone is unlikely to eliminate
investors with incorrect beliefs, and that irrationality can have a significant and sustainable

impact on asset prices even in the absence of limits of arbitrage.
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1 Introduction

The notion of rational expectations has been central to modern economics and finance
ever since the pioneering work by Muth (1961), Radner (1972), Lucas (1978), and Cox,
Ingersoll and Ross (1985). To justify the assumption that investors’ subjective probability
coincides with the true probability, economists have invoked the idea of natural selection
(Alchian (1950), Enke (1951), and Friedman (1953)). The natural selection argument,
also called market selection hypothesis, states that investors with incorrect beliefs will
eventually be driven out of markets by those with rational expectations. Financial markets
can therefore be understood, to a large extent, by models with only investors who have

rational expectations.

In order to evaluate whether the natural selection mechanism can eliminate the impact
of investors with incorrect beliefs, this paper analyzes a dynamic general equilibrium model
of an exchange economy. The model has three main features. First, the previous literature
has identified some conditions under which the rational or irrational investors can survive,
but is silent on whether those conditions are plausible. To address this issue, I adopt a
parametric specification of irrationality that allows me to calibrate the model to make
assessments. Second, in the case where the investors with incorrect beliefs cannot survive
in the limit, my calibrations reveal the time-span of the selection process, which is crucial in
evaluating the effectiveness of the natural selection mechanism, and has not been studied by
the previous literature. Third, while previous studies such as Sandroni (2000) and Blume
and Easley (2003) implicitly focus on economies without growth, I consider an economy
with and without growth, and show that the growth assumption reveals an important new

insight about survival.

My analysis leads to the conclusion that the natural selection mechanism alone is un-
likely to eliminate the impact of investors with incorrect beliefs or to provide a satisfactory
foundation for the rational expectations assumption. There are two reasons for this. First,
the selection process is excessively slow: in typical economic environments, it takes, on
average, hundreds of years for an investor to lose half of his wealth share, even if his beliefs
persistently and significantly differ from the truth. Thus, investors with incorrect beliefs

have a significant and long-lasting impact on asset prices, and models that ignore their



existence may fail to capture important dynamics of asset prices. Second, the natural se-
lection process is very sensitive to small perturbations of preferences. A larger elasticity of
intertemporal substitution (EIS hereafter) or a smaller time discount rate induces a higher
saving motive, and so a better chance for survival. In fact, calibrations show that a slightly
larger EIS or a slightly smaller time discount rate is sufficient for an investor to dominate
the market, i.e. his wealth share approaches one almost surely when time goes to infinity,

even if his beliefs persistently and substantially deviate from the truth.

This analysis also has an important implication for the role of irrationality in asset
pricing, the main distinction between the behavioral finance and the traditional rational
asset pricing paradigm. The recently developed behavioral finance has so far been based
upon the notion of limits of arbitrage, which mainly relies on frictions for arbitrage such as
agency issues and financial constraints (see Barberis and Thaler (2003) for a recent review).
It is worth pointing out, however, that there is no arbitrage opportunity in my model. The
advantage of having the correct belief is only gradually realized over time and the impact
of irrationality on asset prices can be significant and long-lasting even in a financial market
without any friction. These results further strengthen the argument that incorporating

irrationality might help to improve our understanding of the behavior of asset prices.

To be more specific, I adopt a Lucas (1978)-type exchange economy with the aggregate
dividend following a geometric Brownian motion. The economy is populated by two long-
lived investors with constant relative risk aversion (CRRA) utility functions. Investor 1 has
rational expectations, while investor 2 has wrong beliefs concerning the mean growth rate
of the aggregate dividend process. I assume that investor 2’s mistake is persistent, that is,
he does not update his beliefs when observing additional data.! This assumption makes it
more difficult for investor 2 to survive, and therefore gives the natural selection mechanism
a better chance to work. Both investors can trade in frictionless stock and bond markets
to maximize, according to their beliefs, the expected discounted utility from their lifetime

consumption.

The model is solved for economies with and without growth. While the implications

from the non-growth case are similar to those in previous studies such as Sandroni (2000)

'In one of the extensions considered in Section 6, investor 2’s irrationality decreases over time, which can
be interpreted as investor 2’s learning over time and his beliefs converging toward the rational beliefs.



and Blume and Easley (2003), the growth economy case yields the following novel insights.
First, when both investors have the same time discount rate and utility function, investor 2
cannot survive in the limit, that is, his wealth share approaches 0 almost surely when time
goes to infinity. The intuition is as follows. An investor maximizes his expected utility by
allocating more wealth to states that he believes are more probable. When an investor has
incorrect beliefs, he allocates more wealth to states that he believes are more probable but
are in fact not. Thus, on average, the investor with incorrect beliefs accumulates wealth at
a lower rate, and so cannot survive in the limit. This result is similar to those in Sandroni
(2000) and Blume and Easley (2003), with one noteworthy difference. In these two previous
studies, which implicitly focus on economies without growth, one only need to control for
the time discount rate to rule out irrational investors’ survival. In the growth economy case
considered in current paper, however, one also has to control for the utility function. This

will prove crucial later on.

Second, the parametric specification of irrationality allows me to calibrate the model to
evaluate the time-span of the selection process, on which the previous literature is silent.?
My calibrations reveal that for reasonable parameter values, the time-span of the selection
process is “too long.” Suppose, for instance, that both investors have a relative risk aversion
coefficient of 3; each investor has half of the total wealth at time 0; and investor 2 persistently
overestimates the Sharpe ratio by 50%.% Even after 100 years of evolution, investor 2’s
expected wealth share is 42.3% and the probability for investor 2’s wealth to fall lower than
20% of the total wealth is merely 1.3%. Indeed, it takes, on average, around 400 years
for investor 2 to lose half of his wealth share. Naturally, since investor 2 controls a large
fraction of the total wealth, he has a significant and long-lasting impact on asset prices.
After 100 years of evolution, the difference between the stock price in the economy with
both investors and that in the economy with only investor 1 still exceeds 10% on average.
Taken together, these results suggest that although investor 2 cannot survive in the limit
for this case, the effectiveness of the natural selection mechanism is largely undermined by

the long time-span.

*Blume and Easley (2003) have some discussions on this issue, but their formulation, while allowing for
great generality, makes it difficult to evaluate the time-span explicitly.
3Similar results are obtained when investor 2 underestimates the Sharpe ratio.



Third, I show that the selection result is very sensitive to small perturbations of pref-
erence parameters. Indeed, an investor is more likely to survive if he has a larger EIS or a
smaller time discount rate. More importantly, in a typical economic environment, a slightly
larger EIS or a slightly smaller time discount rate is sufficient for an investor dominate the
market even if his beliefs persistently and significantly deviate from the truth. Calibration
results show that even if investor 2 persistently over- or underestimates the Sharpe ratio
by 50%, he can still dominate the market in the limit if, for instance, his EIS is 0.683 and

investor 1’s is 0.5, or if his time discount rate is smaller than investor 1’s by 0.0096.

The result on EIS is in contrast with previous studies such as Sandroni (2000) and
Blume and Easley (2003), who find that the utility function is irrelevant for survival. The
reason is as follows. EIS measures the sensitivity of an investor’s consumption growth to the
economy growth. In the growth economy case in my model, the investor with higher EIS
prefers a higher consumption growth, and so has a higher saving rate and a better chance
to survive. Note, however, that the economies considered in Sandroni (2000) and Blume
and Easley (2003) have no growth and therefore EIS has no impact on the consumption
growth and plays no role for survival.* Moreover, their findings are indeed consistent with

my analysis for the case without growth.

The impact of the time discount rate is also intuitive. When an investor has a lower time
discount rate, he discounts utility from future consumption less. He therefore chooses to save
more and is more likely to survive. This has been noted in the previous literature (e.g. Blume
and Easley (1992)). The contribution of this paper is to use the parametric specification of
irrationality to demonstrate the quantitative result that the rational investor’s advantage

for survival can be wiped out even by a slightly larger time discount rate.

I examine the robustness of these results by extending the model to incorporate situa-
tions such as multiple stocks, multiple investors, general dynamics for the aggregate dividend
process, and time-varying irrationality. The main results are shown to be robust to these
generalizations. Therefore, this paper concludes that the natural selection mechanism alone
is unlikely to eliminate the impact of investors with incorrect beliefs, and that irrationality

can have a significant and long-lasting impact on asset prices even in a frictionless financial

4A simple analogy may be helpful for understanding this intuition. Suppose y = ax. That is, « is the
sensitivity of y to z. In the case of z > 0 (analogous to the growth economy case), a higher « leads to a
higher y. In the case of x = 0 (analogous to the non-growth economy case), however, a has no impact on y.



market without resorting to limits of arbitrage.

1.1 Related literature

Although the idea of natural selection in economics and finance dates back to the early
1950s, rigorous analyses are only recent.” De Long, Shleifer, Summers and Waldman (DSSW
hereafter) cast doubts on the idea of natural selection. DSSW (1990) argue that optimistic
investors may earn a higher expected return than rational investors and DSSW (1991)
show that optimistic investors may dominate the market in the limit in a model with
exogenous prices. Blume and Easley (1992) analyze a model with endogenous asset prices
but exogenous savings decisions. They point out that an investor with a logarithmic utility
function will choose a strategy that maximizes the long-run wealth accumulation (LWA
strategy hereafter). A rational investor with other utility functions optimally chooses to
deviate from the LWA strategy. Thus, irrationality may be beneficial for survival if it
happens to bring his portfolio choices closer to the LWA strategy. Kogan, Ross, Wang and
Westerfield (KRWW 2004) analyze an economy with investors making portfolio decisions
only, and show that a moderately optimistic investor can drive a rational investor out of
the market if the relative risk aversion coefficient is larger than one.% In contrast to these
studies, Sandroni (2000) and Blume and Easley (2003) show that when investors make
optimal decisions on both savings and portfolio choices, the investors with incorrect beliefs
are always driven out of the market if financial markets are complete and all investors have

the same time discount rate.”

®In an early study, Penrose (1952) forcefully argues that it might not be proper to use biological analogies
to understand firm behavior.

5This is consistent with the intuition that in the case of the relative risk aversion coefficient being larger
than one, a rational investor prefers to hold less stock than the LWA strategy. Moderate optimism induces
an investor to hold more stock and so brings his strategy closer to the LWA strategy, and therefore helps
him drive the rational investor out of the market. Similarly, it is straightforward to apply the analysis in
KRWW (2004) to show that when the relative risk aversion coefficient is smaller than unity, a moderately
pessimistic investor can drive the rational investor out of the market.

"The incomplete-markets case is considered by Blume and Easley (2003) and Sandroni (2004). Other
studies related to natural selection in financial markets consider issues related to imperfect competition
(e.g. Palomino (1996), Kyle and Wang (1997), Benos (1998), Biais and Shadur (2000), Hirshleifer and Luo
(2001)), asymmetric information (e.g. Mailath and Sandroni (2003), Sciubba (2004)), firm behavior (e.g. Luo
(1995), Blume and Easley (2002), Beker (2004)), futures markets (e.g. Luo (1998)), adaptive evolutionary
systems (see Hommes (2001) for a recent survey), and evolutionary games (see e.g. Samuelson (1997)).



The current paper also analyzes a general equilibrium model with endogenous savings
and portfolio decisions. But in contrast with Sandroni (2000) and Blume and Easley (2003),
which implicitly focus on economies no growth, I demonstrate that EIS is an important
determinant for survival only a growth economy. Moreover, my calibrations also assess the
plausibility of the survival conditions for investors with incorrect beliefs and the time-span
of the natural selection process, both of which are crucial for evaluating the natural selection

argument and have not been studied in the previous literature.

This paper shares some similarities with KRWW (2004) in modeling the irrational in-
vestor’s beliefs. The key difference is that the investors in KRWW (2004) optimize over
only portfolio decisions, while the investors in my model optimize over both savings and
portfolio decisions. It is worthwhile pointing out that what is important is not the inter-
mediate consumption; it is whether investors optimize over savings decisions that matters.
In models where investors optimize over portfolio choice but not savings, e.g. Blume and
Easley (1992) and KRWW (2004), wrong beliefs might be beneficial for survival, while in
models where investors maximize over both, e.g. Sandroni (2000), Blume and Easley (2003),

and the current paper, an incorrect belief is always a disadvantage for survival.

The remainder of the paper is organized as follows. In Section 2, I outline the benchmark
economy with irrational investors. Section 3 characterizes the equilibrium in the presence of
irrational investors. Sections 4 and 5 discuss the implications for investors’ survival in cases
with and without growth, respectively.® Generalizations of the baseline model and further
discussions are reported in Section 6. Section 7 concludes and the Appendix provides all

proofs and illustrations.

2 Benchmark Economy with Irrational Investors

In this section, I adopt a simple model to demonstrate the main insights, most of which are

also valid under more general conditions as will be shown in Section 6.

8 Appendix C demonstrates that all the propositions on survival in Sections 4 and 5 can be summarized
by Theorem 1. I will fully incorporate this theorem in the next version, although economic insights will
remain the same.



2.1 Information structure and investors’ perceptions

I consider a continuous-time pure-exchange economy with an infinite horizon. The uncer-
tainty is represented by a filtered probability space (€2;F;fF 1g;P) on which is defined a
one-dimensional Brownian motion Z (t). Let fF ;g denote the augmented filtration generated
by Z(t).

There is a single consumption good that serves as the numeraire. The exogenous aggre-

gate dividend, or consumption supply, process D (t) > 0 follows
dD(t) =D(t)[*p dt + ¥p dZ (t)]; (1)

where the mean growth rate * p and the volatility ¥p are constants. For the rest of this

paper, I will focus on the following two cases. The first case is
1
‘p > 53/123i (2)
which implies that the aggregate dividend grows over time and
limD(t)=1 as:
t11
While the second case is for the economy without growth, that is
1
'p = 53/%i (3)
which implies that D (t) does not converge when time t goes to infinity.? As will be demon-

strated later, the growth assumption yields an important new insight on the survival issue.

There are two (types of) investors, investors 1 and 2. Although they observe the same
dividend process, they may have different beliefs about its underlying structure. In particu-
lar, the parametrization of the difference in beliefs is motivated by the insight from Merton
(1980) that while the estimator of the variance converges to the true value when the data
frequency goes to infinity, the estimator of the expected return does not converge to the true
value for a finite estimation period. In particular, I assume that both investors can deduce

the volatility ¥p from quadratic variation but have different beliefs about * . I use ! ) and

9The condition pp < %O’% implies that limn  D(t) = 0 a.s. That is, the aggregate dividend decreases
over time and converges to 0 in the limit. The analysis for such a contracting economy is similar to that for
the growing economy studied in this paper. The implications for the contracting-economy case, omitted for
brevity, are typically the mirror image of those for the growing economy.



1 2D, both are constants, to denote the beliefs of investors 1 and 2, respectively. Effectively,
investor i (i = 1;2) is endowed with the probability space (;F';fF {g;P'). From investor

i’s point of view, the dividend follows
dD(t) =D)L dt+ ¥ dZ' (1)]; i=1;2;

where

dZi(t) = dz(t) | 153}—1'3dt: (4)
D

By Girsanov’s theorem, Z'(t) is a Brownian motion in the space (Q;F';fF [g;P"). The
definition of dZ'(t) in equation (4) implies

dZ2(t) = dz'(t) ; *dt; where +” -1 D.

The parameter = measures the difference in beliefs between investors 1 and 2 about the
mean dividend growth rate, normalized by its risk.

For the rest of this paper, I will assume investor 1 has rational expectations, that is,
11 =15, while investor 2 may have wrong beliefs, 1 4 may be different from * 5. Thus,
* can be interpreted as investor 2’s degree of irrationality. * is positive when investor 2 is
more optimistic than investor 1, and negative when investor 2 is more pessimistic. This

parametric specification for the degree of irrationality is important for calibrating the model

to make quantitative assessments.

Note that + is a constant. In other words, investor 2 does not update his beliefs when
observing additional data and therefore his mistake is persistent. This assumption makes it
more difficult for investor 2 to survive and gives the natural selection mechanism a better
chance to work. In one of the extensions considered in Section 5, I also consider the case
where investor 2’s degree of irrationality decreases over time. This can be interpreted as
investor 2 learning over time from the data and his beliefs converging to the rational beliefs.
Moreover, note that this paper considers only a particular form of irrationality, and uses
the terms “irrational investor” and “investor with incorrect beliefs” interchangeably for

expressional convenience.

2.2 Investment opportunity set

Investors can trade continuously a riskless bond and a stock. The bond is in zero net supply

and the stock is a claim to the aggregate dividend process and has a net supply of one share.



The bond price B (t), which is normalized so that B (0) = 1, and stock price S(t) have the

following dynamics

dB(t) = B(t)r(t)dt;
dS(t) + D(t)dt = S(t)[* (t)dt+ 34t)dZ(t)]
= SMHP'(t)dt+¥t)dz'(t)]; fori=1;2; (5)
where (5) represents the risky security dynamics as perceived by investor i. All price
coefficients are to be determined endogenously in equilibrium. Note that the financial
markets are dynamically complete. This assumption eliminates potential frictions that

might prevent investor 1 from exploiting his informational advantage and so, again, gives

the natural selection mechanism a better chance to work.

Although investors have different beliefs about expected stock return, they agree on the

stock price path, that is,
L1t)dt + 34t) dz 1 (t) = 1 2(t) dt + ¥4t) dZ3(t);
which, together with (4), implies the following “consistency” relationship
L21)§ 11 (1) = Ao)x (6)

The posited dynamic completeness of financial markets under the perceived price processes
implies the existence of a unique state price density process for each investor »! (t), consistent

with no-arbitrage, given by
d» (t) =i » (O)[r(t)dt + - ()dz' ()] ; (7)

where - '(t) © ¥{t)i '(t1(t) i r(t)) is the market price of risk (or the Sharpe ratio) process
perceived by investor i. The quantity » (t; ) is interpreted as the Arrow-Debreu price per
unit probability P’ of a unit of consumption in state ! 2 Q at time t (with » (0) = 1).

Hence, the consistency condition (6) leads to

=2 - () (8)

The above expression links investor 2’s degree of irrationality * to observable variables. Since
investor 1 has rational expectations, that is, - }(t) = - (t), investor 2’s degree of irrationality

* is then the difference between his perception of the Sharpe ratio and the true one.



Finally, investors’ trading strategies are assumed to satisfy the following standard tech-
nical condition b
-

(W (OSOD) dt< 1 ;
0

for any T < 1 | where ;i (t) is the number of shares of the stock held by investor i at time
t. This technical condition ensures that the stochastic integrals are well defined (Karatzas

and Shreve (1988)).

2.3 Investors’ preferences

At time 0, investor i is endowed with ~; shares of the stock, with 0 - ;- land ;+ ,=1.
He chooses a nonnegative consumption process C;(t), and portfolio processes I (t), and so

his financial wealth processes Wi (t) is
dWi () = Wi (Dr ()dt i ci(t)dt + w (D)SO)[F'(t) i r(t)]dt + W (H)SH)H)AZ' (1):  (9)

Investor i’s utility function u; (@ is

c(t)ti i
uitet) = W for o> 0 (10)
I
where °; is the relative risk aversion coefficient. The case of °; = 1 corresponds to the

logarithmic utility function uj(c(t)) = logc(t). Note that for this constant relative risk
aversion preference, the investor’s EIS, denoted by A;, is pinned down by °;: A; = 1=°,.
As will be demonstrated later, the EIS plays an important role in determining investors’
survival in the limit.
Investor i’s dynamic optimization problem is
-z, .

max Ey el "ty (g (t))dt ; (11)
i 0

subject to the dynamic budget constraint (9), where % is the time discount rate and E}, [¢ is
the conditional expectation under the probability measure P! conditional on the information
set F(i]. In the rest of this paper, I confine my attention to cases where the expected utility

is finite so that maximization problem (11) is well defined.

10



3 Equilibrium in the Presence of Irrational Investors

In this section, I solve for the equilibrium in the economy described above. The standard

definition of competitive equilibrium in the presence of irrational investors is as follows.

Definition 1 A competitive equilibrium is a price system (r(t); S(t)) and consumption-
portfolio processes (Gi(t); W (t)) such that: (i) investors choose their optimal consumption-
portfolio strategies given their perceived price processes; (ii) perceived security price pro-

cesses are consistent across investors, i.e.,
LAt 1Y) = U0

and (iii) good and security markets clear, i.e.,
c(t) +e(t) = D)

H(t) + () = 1
Wi(t) +Walt) = S(t):

To characterize the equilibrium, I adopt the technique developed in Basak (2000), who
demonstrates that, in economies with heterogeneous beliefs, the equilibrium can be attained
conveniently by constructing a representative investor with a stochastic weighting process,
where the weighting process captures the difference of investors’ beliefs (see Basak (2003)
for a recent review). Specifically, I define a representative investor with utility function

UGe(t):, (1) max & (@ (t) 4. (08 (o) (12)

where , (t) > 0 may be stochastic and captures the heterogeneity in beliefs.

One key observation from the formulation is that the weighting process is determined

by the ratio of investors’ marginal utility:

_ e atud(a(t)).

% ) "

Thus, , () is related to the ratio of investors’ discounted marginal utility at time t and so
the asymptotic behavior of , (t) reflects the investors’ survival in the limit, which will be

formally defined in the next section. Moreover, from the martingale technique (Karatzas,

11



Lehoczky, and Shreve (1987), Cox and Huang (1989)), the optimality condition of the
investor’s optimization problem implies that an investor’s marginal utility is proportional
to his state price density. Thus equation (13) implies that , (t) is proportional to »! (t)=»(t).
In the case of homogeneous investors, » (t) = »%(t), and so , (t) is a constant. In the case
of heterogeneous beliefs, however, investors have different state price density processes and

so , (t) is stochastic and captures the difference in beliefs. Proposition 1 characterizes the

equilibrium in closed form.

Proposition 1 If equilibrium exists, the equilibrium interest rate is given by

DUAD (1);, (1)),

LT .
the stock price is given by
“Z1 09 . >
- %D(s)ds : (15)
and the equilibrium consumption allocation is given by
o) =1, UL 1) ab) =1 DML )= 0" (19
where DUYD (1);, (t)) denotes the drift of the process UYD (t);, (t)), , (t) satisfies
d, (t) =, (t)xdZ (t); (17)
, (0) solves
‘Z i ¢ ‘Z .
E UAD (t);, (1)1 €A'UAD(1);, (1) dt ="4E UAD (t);, (1))D(t)dt ; (18)
0 0

and 1;(§ is the inverse of ud(® fori = 1;2.

With the notion of the representative investor, the equilibrium interest rate and stock
price can be characterized by the familiar valuation formula (equations (14) and (15)).
Investors’ optimal consumption, equation (16), can be obtained from their individual opti-
mization problems in (11). Moreover, the dynamics of the weighting process , (t) is charac-
terized by exogenous variables in equation (17), with its initial value determined by equation
(18). It is important to note that Proposition 1 holds also for any utility functions that

are three times continuously differentiable, strictly increasing, strictly concave, and satisfy

12



limg ou%c) =1 and limg; u®(c) = 0. Finally, the equilibrium allocation here is Pareto
optimal. This is in contrast to the results for markets with frictions (Cuoco and He (1994),
Basak and Cuoco (1998), Detemple and Serrat (2003)), which all construct equilibria by
formulating a representative investor with stochastic weights. Appendix B.1 explains the
reason why the stochastic weights are needed even though the markets are dynamically

complete and the equilibrium allocation is Pareto efficient.

4 Survival in a Growth Economy

This section considers the case of 1 p > %%, that is, the aggregate dividend grows over
time and converges to infinity in the limit. I adopt the standard definition of survival and

dominance as follows.

Definition 2 Investor 1 is said to become extinct relative to investor 2 in the limit if
C

im (1)

tl - Cy(t)

to survive relative to investor 2 if the relative extinction does not occur; and to dominate

=0 a.s;

the market in the limit if
C
im (1)
tl - cy(t)
The relative extinction, survival, and dominance of investor 2 is defined symmetrically.

=1 a.s.

An investor’s relative extinction is defined as his consumption share going to 0 in the
limit. It is worthwhile pointing out that according to this definition, the consumption of
the investor, who suffers from relative extinction in the limit, does not necessarily converge
to 0. Indeed, an investor may not survive in the limit even if his consumption grows to

infinity as long as the other investor’s consumption grows to infinity at an even higher rate.

Intuitively, an investor’s survival is determined by his wealth growth rate relative to the
other investor’s. It is then natural to expect that an investor’s beliefs affect his survival
since beliefs affect the investor’s portfolio decisions. Moreover, an investor’s survival should
also be determined by his savings decisions. An investor who saves more may survive or
even dominate the markets despite his wrong beliefs. The rest of this section discusses three
determinants of an investor’s survival in the limit: beliefs and two parameters that govern

investors’ savings decisions, EIS and the time discount rate.

13



4.1 The role of beliefs

To isolate the impact of investors’ beliefs from that of preferences, this section considers
the case where investors 1 and 2 are identical in all respects except for their beliefs, that is,
Yo=% =%°, =°="°,and 6 0. Section 4.1.A demonstrates that investor 2 cannot
survive and has no impact on asset prices in the limit. Section 4.1.B, however, reveals
the long time-span of this selection process: even when investor 2’s beliefs persistently
and significantly deviate from the truth, after 100 years of evolution, he still controls a
substantial fraction of the total wealth in the economy and has a considerable impact on

asset prices.

4.1.A The equilibrium in the limit

Proposition 2 If both investors have the same time discount rate and risk aversion, i.e.
Yo=Y =%°, =°y,="7, and investor 2 has incorrect beliefs, i.e. + & 0, then investor 2

cannot survive in the limit

Co(t
i 018 =0 a.s;
moreover,
t%m at) = 1  as;
m Gy(t) = 1 a.s. z:lei %%é > 42
t11 0 a.s; frpi 5%23 < %1'2

This proposition shows that when investors differ only in their beliefs, the rational
investor, investor 1, dominates the market in the limit. Obviously, since the aggregate
dividend goes to infinity in the limit, so does investor 1’s consumption. Moreover, although
investor 2’s consumption share goes to 0 in the limit, his actual consumption may also
converge to infinity if the economy grows fast enough (1 j %% > %12) In this case,
however, investor 1’s consumption grows at an even higher rate, and so drives investor 2’s

consumption share to 0 in the limit.

The intuition for this result is the following. In the economy considered here, financial
markets are dynamically complete, and therefore an investor can maximize his expected

utility by allocating more wealth to states that he believes are more probable. Due to his
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wrong beliefs, investor 2 allocates more wealth to states that he believes are more probable
but are actually not. Hence, investor 2’s wealth accumulates at a lower rate on average and
cannot survive in the limit. Interestingly, from investor 2’s perspective, he believes that
his investment decision is better than that of investor 1’s, and that he will eventually drive

investor 1 out of the market, as shown in the following proposition.

Proposition 3 If both investors have the same time discount rate and risk aversion, i.e.

Yo=Y =%°,="5=", and investor 2 has incorrect beliefs, i.e. £ 6 0, then from investor
2’s point of view, investor 1 cannot survive in the limit

Co(t

im 2(1)

tr ¢y (t)

=1 a.s. in P2,

The results in Propositions 2 and 3 are similar to those in previous papers such as
Sandroni (2000) and Blume and Easley (2003). However, as previously mentioned, both
these papers implicitly focus on economies without growth. This leads to their conclusion
that, after controlling for the time discount rate, investors with incorrect beliefs will be
driven out of the market irrespective of their utility functions. In the growth economy case
here, however, one has to control for both the time discount rate and the utility function to
rule out the irrational investors, because, as will be demonstrated later, the utility function

plays an important role for survival only in a growth economy.

It is worth pointing out that, similar to the implications in Sandroni (2000), Blume
and Easley (2003), an incorrect belief is always a disadvantage for survival in my model.
However, incorrect beliefs might be beneficial for survival in Blume and Easley (1992) and
KRWW (2004). Blume and Easley (2003) pointed out that the reason is that the equilibrium
in Blume and Easley (1992) is not Pareto optimal, and that an incorrect belief is always a
disadvantage in a Pareto optimal equilibrium. However, the equilibrium in KRWW (2004)
is Pareto optimal, but wrong beliefs can still be beneficial for survival. It turns out, this
seeming inconsistency comes from a subtle difference in the interpretations of the models

in KRWW (2004) and in other studies. See Appendix B.2 for more details.

We are now ready to evaluate investor 2’s price impact in the limit. Let r°(t) and
S“(t) denote the interest rate and the stock price in an economy with only investor 1 but
otherwise identical to the economy described above. The following proposition shows that

investor 2’s impact on asset prices disappears in the limit.
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Proposition 4 If both investors have the same time discount rate and risk aversion, then

investor 2’s impact disappears in the limit in the sense that

t}ilm =0 1 a.s; (19)
Sit) _
i s T 1 as. (20)

These results are not surprising since Proposition 2 has shown that investor 2 cannot
survive in the limit. However, KRWW (2004) provide an interesting example where they
show that an investor can have a finite impact on asset prices even when his wealth ap-
proaches 0, which suggests that the logical step from extinction to no-price-impact might

not be straightforward.

In the example in KRWW (2004), the irrational investor with a trivial amount of wealth
has a large impact on asset prices because he bets heavily on states where consumption is
extremely valuable, i.e., the rational investor’s marginal utility approaches infinity. This
situation does not happen in the economy considered here because investor 2 maximizes
his expected utility according to his beliefs. Hence, he does not bet heavily on the states
where the aggregate dividend is almost 0. More precisely, from the lognormal distribution
assumption for aggregate dividends, investor 2 believes that the probability for the aggregate
dividend to be less than 2 approaches 0 when 2 goes to 0. Thus, he allocates a trivial fraction
of his wealth to these states no matter how pessimistic he is, and his impact on asset prices

disappears when his wealth share goes to 0.

4.1.B The equilibrium after 100 years

It is important to note that there is no arbitrage opportunity in the economy. Investor
1’s advantage of having correct beliefs can only be realized gradually over time. The effec-
tiveness of the natural selection argument then critically depends on the time-span of the
selection process. A necessary condition for the natural selection argument to justify the
rational expectations assumption is that irrational investors lose money to rational investors
fairly “quickly.” In this case, the asset price behavior may largely be captured by models
with only investors who have rational expectations. If the time-span of the selection process
is “too long,” however, models that ignore the existence of these irrational investors may

fail to capture important dynamics of current asset prices. I now evaluate whether 100 years
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is long enough for the selection mechanism to erode investor 2’s wealth share to a trivial
fraction and whether the implications on asset prices are close to those from models with

investor 1 only.

In particular, I conduct the following experiment. Suppose that investors 1 and 2 have
the same wealth share at time 0. I then simulate the economy for 100 years and evaluate
the irrational investor’s wealth share and impact on asset prices. Directly evaluating the
expressions in Proposition 1 numerically is quite challenging. To simplify the simulations,
it would be desirable to further simplify the expressions in Proposition 1. Thus, purely for
technical reasons, I make the assumption that the relative risk aversion coefficient ° is an
integer.'% With this extra assumption, the equilibrium can be characterized more explicitly

as reported in the following proposition.

Proposition 5 If both investors have the same time discount rate and risk aversion, i.e.

YB=%=%°,="9=", and ° is an inleger, then the interest rate is given by
u o 1
1 (0= 2 1 2
) =%+° ———='p+ == i ;°C+1¥%lt
0 O R = BRI ICID
°i1 ()=
+ . 2 21
¥ (1. ) 2y
the stock price is given by
P. j.¢ o
t)k=
S(t) = k=0 k % U7 5 gy, (22)

1+, O

investor 1’s consumption share is given by

([:)18 - 1—1—,1(t)1:°; (23)
and investor 1’s wealth share is given by
W) s 0% o
S(t) ko K A, (F
where
d, (t) =, (t)+dZ;

10 As made clear in the proof of Proposition 5, this assumption makes it possible to evaluate the pertinent
expectations and integrals explicitly to simplify the expressions in Proposition 1.
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, (0) solves the polynomial equation

YRLLE i 1'" ¥ M T
a, (0 =7, ax, (0); (25)
k k
k=0 k=0
and, fork =0;1;2;:::;°, Ick 1s a binomial constant and the constant ax is given by
3 ’ 3 ’ s 1
1k k 1 k !
& = Vet 55 i s E+Cil) pi §°3/%+i0—%3 ;

With the extra assumption of © being an integer, the equilibrium characterized in Propo-
sition 1 is considerably simplified. In particular, the interest rate, stock price, and investor
1’s wealth share can be computed explicitly as functions of exogenous parameters (equations
(21)—(24)) and the equation for , (0) is simplified to a polynomial equation (see equation
(25)). These results greatly simplify the following simulations.

The simulation parameters are chosen as follows. Note that £ investor 2’s degree of
irrationality, is the difference between his estimate of the Sharpe ratio - 2 and the true one
- (as expressed in equation (8)). For example, + = 0:25- implies that - 2 = 1:25- , that is,
investor 2 overestimates the Sharpe ratio by 25%. In the following simulations, I consider the
cases of + =80:25-, £+ =80:5-, £+ =80:75-, and £ = § .. That is, investor 2 persistently
over- or underestimates the Sharpe ratio by 25%, 50%, 75%, or 100%. The dividend process
parameters (* p and ¥p ) are set to match the historical consumption data. Thus, based on
the estimate from U.S. data by Campbell (2003), I set 1 p = 1:789%, ¥p = 3:218%, and
- = 0:277.

The economy is simulated 100,000 times. For each simulation path, I compute investor
2’s consumption and wealth share at time T = 100 years. Figure 1 reports the simulated
probability density functions of investor 2’s consumption and wealth shares. Because in-
vestor 2 has wrong beliefs, he is more likely to be poorer than investor 1. However, investor
2 still holds a significant fraction of total wealth even after he has persistently made mis-
takes for 100 years. For instance, when both investors have a relative risk aversion of 3,
the upper-right plot of Panel B shows that, on average, investor 2 holds 42.3% of the total
wealth in the economy even though he persistently overestimates the Sharpe ratio by 50%
for 100 years. The probability that investor 2’s wealth share falls lower than 20% of total

wealth is merely 1.3%. Indeed, with a probability of 29%, investor 2 can even be richer
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than investor 1. Naturally, with a large fraction of the wealth, investor 2 also consumes a

large fraction of the total dividend, as shown in the upper-left plot.

Given that investor 2 holds a large fraction of the wealth after 100 years, it is not

surprising that his existence has a large impact on asset prices. Investor 2’s impact on the
stock price is captured by SS,,(—(TT)), the ratio of the stock price in the economy considered here
to that in the economy with only investor 1. The simulated probability density functions of
%, reported in the lower-left plots of each panel, demonstrate investor 2’s large impact
on the stock price. In the lower-left plot of Panel B, for example, when both investors have a

relative risk aversion of 3, the average of investor 2’s impact on the stock price is around 10%

(SSU((T.I.)) has a mean of 0.89). The result of Ssu((TT)) being less than 1 implies that the existence

of the optimistic investor 2 decreases the stock price. The reason is as follows. When the
expected economy growth rate increases, it has two impacts on the stock valuation. On the
one hand, the higher expected economy growth increases the stock price since the stock is
the claim to future dividends of the whole economy. On the other hand, higher expected
economy growth implies that future consumption is less valuable (lower marginal utility
from future consumption). To smooth consumption, investors prefer to hold less stock and
consume more today, and so this drop in demand decreases the stock price. When investors’
relative risk aversion is larger than 1, the second effect dominates and therefore the existence
of the optimistic investor 2 decreases the stock price. This intuition has long been noticed
theoretically and might also be consistent with empirical evidence as argued in Yan (2003).
(See Appendix B.3 for more details on this issue.) Moreover, in the special case where both
investors have logarithmic utility function, the existence of investor 2 has no impact on the
stock price, as revealed by equation (22).

The lower-right plot of Panel B shows that the existence of investor 2 increases the
riskfree interest rate by around 13% (% has a mean of 12.8%). This is also intuitive.
One insight from models with homogeneous investors is that the interest rate is positively
related with the expected economy growth rate (e.g. Lucas (1978) and Mehra and Prescott
(1985)). This is because higher expected economy growth reduces investors’ saving motive
and so increases the interest rate. When investors 1 and 2 have different beliefs, the interest
rate is the weighted average of the interest rates that would obtain if investor 1 or 2 held

all the wealth (Detemple and Murthy (1994)). That is, the interest rate is related to
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the weighted average of investors’ expected economy growth (equation (21)). Thus, the

existence of optimistic investor 2 increases the interest rate.

Relative to the results in Panel B where investor 2 overestimates the Sharpe ratio by
50%, investor 2’s impact on asset prices is smaller when he overestimates the Sharpe ratio
by 25%, as shown in Panel A of Figure 1. Similarly, Panels C and D show that investor 2’s
impact is magnified when he overestimates the Sharpe ratio by 75% and 100% respectively.

The previous simulation results are meant to demonstrate that it takes “too long” for the
evolution process to eliminate the impact of irrational investors. However, what constitutes
“too long” is subjective and may vary for different issues. To better evaluate the effectiveness
of the natural selection mechanism, Figure 2 plots investor 2’s expected wealth share against

time.

More specifically, the economic environment for this simulation is identical to that for

Figure 1. At time 0, the economy is populated by investors 1 and 2 and each of them

is simulated 1,000 times to compute the mean and stand deviation of investor 2’s wealth
share. Since all the standard deviations are smaller than 1%, Figure 2 plots only investor
2’s expected wealth share against time t. Panel B, for example, corresponds to the case
where investor 2 overestimates the Sharpe ratio by 50%. It shows that the expected half-
life of investor 2’s wealth share is almost 400 years, if both investors have a relative risk
aversion of 3. That is, it takes on average 400 years for investor 2 to lose half of his wealth
share. The expected half-life of investor 2’s wealth share increases with °. This is because
higher risk aversion makes investors less aggressive in their trading in the stock market and
therefore the mistake in beliefs erodes investor 2’s wealth share more slowly. Moreover,
the comparison among Panels A—D, where investor 2 overestimates the Sharpe ratio by
25%, 50%, 75% and 100% respectively, reveals an intuitive pattern that expected half-life of
investor 2’s wealth share decreases with respect to his degree of irrationality. In the case of
° =3, for example, the expected half-life of investor 2’s wealth share is around 1,000, 400,
200, and 100 years in Panels A-D respectively. The half-life of 100 years in Panel D, for
example, implies that even if investor 2’s estimate of the Sharpe ratio is twice that of the
true value, it still takes around 100 years for him to lose half of his wealth share. Finally,

similar insights are obtained from simulations for various values of {;1p, ¥, % and for
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cases where investor 2 is pessimistic. Pertinent plots are omitted here for brevity.

4.2 The role of time discount rate

Intuitively, the time discount rate determines how patient an investor is. A higher time
discount rate implies that the investor discounts utility from future consumption more
heavily, and so is less willing to save. As a result, the investor with a higher time discount
rate is less likely to survive. To demonstrate this intuition, I consider the case where both
investors have the same utility function but are allowed to have different time discount

rates.

Proposition 6 If both investors have the same risk aversion, then investors’ survival is
given by "
im 20 _ 0 as if%i Ya< 142
o c(t) 1 as if%i B> ith

(26)

This proposition reveals that investors’ survival is determined by the tradeoff between
investor 2’s disadvantage from his incorrect beliefs, captured by %, and his advantage from
his lower time discount rate, captured by ¥3 i %. Investor 2 cannot survive if the impact
from his wrong beliefs dominates (Y3 i % < %12) However, when the impact from time

142

discount rate is large enough (¥4 | %3 > 5%° ), investor 2 dominates the market in the limit

despite his wrong beliefs.

The parametric specification of the degree of irrationality allows me to calibrate the
model to evaluate whether or not the condition for investor 2 to survive, ¥3 | % > %12,
is plausible. Note that * represents the difference between investor 2’s perception of the
Sharpe ratio and the true one (as expressed in equation (8)). According to the estimate
based on U.S. data from 1891-1998 in Campbell (2003), the Sharpe ratio is 0.277. Hence,
even if investor 2 over- or underestimates the Sharpe ratio by 50%, he can still dominate
the markets if his time discount rate is smaller than investor 1’s by 0.0096. It is important
to note that economists’ view on time discount rate is also widely dispersed. For example,
in order to match certain properties of historical asset prices, previous calibrations in the

literature have set Y2to a wide range of values, ranging from j 0:1(Brennan and Xia (2001)),

0.0069 (Abel (2001)), 0.0202 (Barberis, Huang and Santos (2001)), 0.0695 (Abel (1999)) to
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0.1165 (Campbell and Cochrane (1999)).1! Hence, the natural selection mechanism is very
sensitive to the time discount rate. What the market selects may not be those with correct

beliefs, but instead may simply be those with slightly lower time discount rates.

These results are comparable to those in Sandroni (2000) (Proposition 3) and Blume and
Easley (2003) (Theorem 8). The contribution of this paper is to use the parametric spec-
ification of irrationality to demonstrate the quantitative result that the rational investor’s
advantage for survival can be wiped out even by a slightly larger time discount rate. There
is also a notable difference. The utility function is irrelevant for survival in these previous
two studies. In the growth economy case considered in this section, however, Proposition 6
holds only after controlling for the utility function, because EIS plays an important role for

survival, as will be demonstrated next.

4.3 The role of EIS

An investor’s preference for intertemporal substitution affects his consumption and savings
decisions and so may affect his chances for survival in the limit. In particular, EIS measures
an investor’s motivation to smooth his consumption intertemporally: the higher the EIS, the
more sensitive his consumption is to the growth of the economy. In this growing economy
case, an investor with a higher EIS prefers to have a higher consumption growth rate, and
so needs to save more to achieve this. As a result, the investor with a higher EIS has an
advantage to survive in the limit. To demonstrate the above intuition, I first consider the

case where both investors have rational beliefs.

Proposition 7 If both investors have rational beliefs and the same time discount rate, i.e.

+=0 and ¥4 = Y4, then the investor with a higher EIS dominates the economy in the limit
1

Lo ~ .
C(t) 0 assiif Ay > Ay

(i at) 1 asiifA <Ay (27)

This proposition demonstrates the advantage of a higher EIS for survival. The investor

with lower EIS will be driven out of the market even though he also has correct beliefs

1The time discount rates for studies with discrete-time settings have been adjusted to make them com-
parable.
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(equation (27)).!2 For the CRRA utility case, there is a one-to-one relation between relative
risk aversion and EIS. Although the above intuition is consistent with the EIS argument,
it is not possible, in principle, to rule out the role of the risk aversion without resorting to
more general utility specifications such as the recursive utility (Epstein and Zin (1989) or
stochastic differential utility (Duffie and Epstein (1992)). Nevertheless, it is very important
to point out that Proposition 6 holds also under certainty, that is, in an economy without
risk, the investor with lower EIS cannot survive in the limit. This observation reinforces
the view that it is the EIS parameter that determines survival, since risk aversion plays no

role in a certainty economy.

Given that a lower EIS is a disadvantage for an investor to survive, it is natural to expect
that an investor with both wrong beliefs and a lower EIS cannot survive since both factors

undermine his chances for survival. This is demonstrated in the following proposition.

Proposition 8 If both investors have the same time discount rate, i.e. ¥3 = Y3, and in-
vestor 2 has both incorrect beliefs and a lower EIS, i.e. ¥ 6 0, and A, < A;, then investor
2 cannot survive in the limit

m—==0 as (28)

Finally, if investor 2 has a higher EIS, his survival depends on the tradeoff between the
disadvantage from his wrong beliefs and the advantage from his higher EIS. This intuition
can be clearly demonstrated in the case where investor 2’s EIS is twice that of investor 1’s,

A2=A1 — 2.13

Proposition 9 If both investors have the same time discount rate, i.e. ¥4 = Y3, and in-

vestor 2’s EIS is twice that of the investor 1’s, i.e. A| = A, and Ay = 2A, then
1

Y. o
ot 0 as ifipi 3% < A%

0oty 1 as iflpi 3% > A (29)

12Gimilar results can be found in Dumas (1989), which considers a production economy with two ratio-
nal investors having different relative risk aversion coefficients, and Wang (1996), which studies the term
structure of interest rates in an exchange economy.

13This case is chosen for simplicity and the results for some other cases (e.g. ¥, /%, = 3 and 1, /1, = 4)
can be similarly obtained as shown in the proof of the proposition. Similar assumptions have also appeared
in Wang (1996). The results for general values of 1, and v, has recently been worked out. Please see
Theorem 1 in Appendix C for more details. I will fully incorporate Theorem 1 into the next version.
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This proposition illustrates the tradeoff between investor 2’s disadvantage from his wrong
beliefs and his advantage from his higher EIS. On the one hand, investor 2’s wrong beliefs
make his wealth grow at a lower rate than investor 1’s. The higher the degree of irrationality
*, the larger the disadvantage. On the other hand, investor 2’s higher EIS induces him to
save more and so more likely to survive in the limit. The higher the economy’s growth rate
(the higher the * %% ), the larger the advantage. When the economy grows fast enough
tpi %3/% > A+?), the impact from his higher EIS dominates the impact from his wrong

beliefs and so investor 2 dominates the market in the limit despite his wrong beliefs.

It is important to point out that the condition for investor 2 to dominate the markets in
the limit, * p | %% > A+?, is fairly mild. Based on the parameters estimated in Campbell
(2003), tp = 1:789%, ¥p = 3:218%, Table 1 shows that investor 2 dominates the market
in the limit for a large range of wrong beliefs. For example, in the case of A; = 0:25 and
A, = 0:5, which corresponds to the case of °; = 4 and °, = 2, investor 2 dominates the
market even when his estimate of the Sharpe ratio is almost twice the true value. Note
also that the empirical estimates of EIS are quite dispersed. For instance, early evidence
in Hall (1988) suggests EIS is close to 0, while recent evidence (Vissing-Jgrgensen (2002),
Vissing-Jorgensen and Attanasio (2003)), which explicitly takes into account the limited
market participation, suggests heterogeneity among investors and that the EIS may even
be larger than 1 for some investors. This suggests that natural selection is very sensitive to
perturbations of EIS. Again, what the market selects may not be those with correct beliefs,

but instead may simply be those with slightly higher EISs.

Finally, these results are in contrast with Sandroni (2000) and Blume and Easley (2003),
who show that the utility function is irrelevant for investors’ survival. The reason is the
following. The aggregate dividend process in these two previous studies is assumed to
be uniformly bounded away from 0 and infinity. This assumption rules out the economy
growth in the limit. Note that EIS measures the sensitivity of an investor’s consumption
growth to the economy growth. That is, in a growth economy, a higher EIS induces a higher
consumption growth rate, while this EIS impact disappears in an economy without growth.
Thus, the bounded dividend assumption rules out the impact of EIS on survival, and leads
to their finding that the utility function plays no role for survival. In fact, their findings

are consistent with the implications from the case without growth (i.e. 1 p = %3/%) in my
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model, as will be shown next.

5 Survival in an Economy without Growth

The purpose of this section is to demonstrate that the utility function does not play a role

for survival in an economy without growth. In particular, I consider the case of 1 p = %3/%,

which implies 3 ,
D(t)
In —= =3%Z(1):

Note that Z (t) has a mean of 0 and a variance of t. The following proposition characterizes

the survival in this economy.

Proposition 10 In the economy without growth, i.e. 1p = %?/f),, investors’ survival s
given by A
lim Q) 0 as ifBi Ya< 3% (30)
0 c(t) 1 as ifji B> 3£

This proposition shows that the utility function does not play a role for survival in this
non-growth economy. In particular, equation (30) shows that after controlling for the time
discount rate, the irrational investor cannot survive irrespective of the utility function. More
generally, equation (30), similar to equation (26) in Proposition 6, demonstrates the tradeoff
between the degree of irrationality and the difference in the time discount rates. The only
difference is that in the case of growth economy considered in Proposition 6, the results
hold only after controlling for the utility function, while the results in this non-growth case

hold irrespective of utility functions.

It is important to note that Proposition 10 holds also for any utility functions that
are three times continuously differentiable, strictly increasing, strictly concave, and satisfy
limg qudc) =1 and limg; u%c) = 0. Thus, the findings in Sandroni (2000) and Blume
and Easley (2003) are consistent with the implications in the non-growth case in my model.

Finally, it is also interesting to note that the dividend process in this case is not bounded
although it has no growth. This observation suggests that boundedness in not necessary

to rule out the role of utility functions for survival. It is whether the economy has growth

that matters. In other words, the reason that utility functions play no role for survival
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in Sandroni (2000) and Blume and Easley (2003) is because there is no growth in their

economies, not necessarily because they assume bounded dividend processes.

6 Generalizations and Discussions

This section considers generalizations and discusses further the baseline model to incorpo-
rate multiple stocks, more than two investors, general dividend processes, and time-varying

irrationality. The main results in Section 4 are shown to be robust to these modifications.

6.1 Multiple stocks

When there is more than one stock, the irrational investor may overestimate the mean
growth rates of some stocks and underestimate those of others. Hence, the irrational in-
vestor’s beliefs can deviate from the truth markedly even though his estimate of the mean
growth of the aggregate economy is correct. This situation clearly cannot be captured by the
baseline model. However, the analysis below shows that the main implications in Section 4

are still valid in the setting with multiple stocks.

The extension turns out to be straightforward. The only modification is to redefine

the relevant quantities in the baseline model as their multi-dimensional counterparts. More

1
max 1 (k) §k379(k)k2 > 0;

where ! p (k) is the k-th element of the vector * 5, ¥p (K) is the k-th row of the matrix ¥p,
and k¢kis the Euclidean Norm of a vector.'* From investor i’s point of view, the dividends
follow

dD(t) = Ip@[th dt+ ¥p dZ'(t)]; i =1;2;

YGQimilar to those in the baseline model, the analysis for the non-growth case (i.e. maxy. «. N pp (k) —
1loo (k)| = 0), shows that the utility function plays no role for survival, and is omitted for expressional
brevity.
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where _

dZ2(t) =dz'(t) | #dt; = ¥''1d 1,13¢-
Investor 1 is assumed to have rational expectations. Thus, the N-dimensional vector *
parameterizes investor 2’s degree of irrationality.

The price of a zero net supply bond, B (t), which is normalized so that B (0) = 1, and

dB(t) = B(t)r(t)dt;
dS(t) +D(t)dt = Ig[t'(t)dt+%4t)dZ (t)]; fori=1;2;

perceived by investor i, and the volatility ¥{t) is a nonsingular N £ N matrix. All the

coefficients are to be determined in equilibrium.

By the same argument as in Section 2, that investors agree on the price path implies

the following “consistency” relationship
A0 () = AUy (31)
The state price density process for each investor i, » (t), is given by
dd (1) = i S (0)[r (t)dt + - (H)Z' (1)

. £ . o
where the 1£ N vector - '(t) ~  34t)i 1(t'(t)j r(t)1) T, with 1 denoting an N £ 1 vector
of ones, is the Sharpe ratio perceived by investor i. Similar to the case with one stock, the

consistency condition (31) implies

where now % is a vector.

The equilibrium is defined analogously as in Definition 1, and can be similarly charac-
terized by constructing a representative investor as in equation (12). The implications for

investors’ survival are reported in the following proposition.

Proposition 11 In the economy with N stocks, the relevant results on investors’ survival

in the limit can be summarized as follows.
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2 (the role of beliefs) In the case of °1 =°9="° and Y3 =Y = Y,

() _ : :
Jim ol 0 as. if 60 (32)

2 (the role of EIS) In the case of Y4 = Y3 =2

1. if £=0 then VA . .
c(t) 0 asiifA;> Ay
i) 1 asiifA < Ay (33)
2. if 60 and A, > A,, then
lim () =1 as; (34)
ti c(t)
3. if Ay = A; Ay = 2A, then
& T 1 2 g
lim C(t) 0 as:if maxg il p(K)i 5k¥p (KK o< Aksk”; (35)
o c(t) 1 asiif maxk 1p(K)i sk¥p (KK > Aktk®;
2 (the role of the time discount rate) In the case of °1 =°9 ="°,
Co(t) 5 0 as:ifik#®> % v
_ = 2 = Zil é’ (36)

li =
i c(t) 1 as: if%kik2 <Y Y

This proposition shows that the main results in the baseline model are robust to the
introduction of multiple stocks. In particular, holding everything except beliefs identical, the
investor with incorrect beliefs will be driven out of the market in the limit (equation (32)).
However, a higher EIS also gives an investor an advantage to survive: When both investors
have correct beliefs, the investor with higher EIS will dominate the markets in the limit
(equation (33)). An investor with wrong beliefs and lower EIS cannot survive since both are
disadvantages for survival (equation (34)). If the investor with wrong beliefs has higher EIS,
the tradeoff between his disadvantage from wrong beliefs and his advantage from higher EIS
determines who will survive (equation (35)). Moreover, a lower time discount rate makes an
investor save more and more likely to survive (equation (36)). Similar calibrations to those
in Section 4 reveal the long time-span of the natural selection process and the outcome
of the selection mechanism being quite sensitive to small perturbations of EIS and time

discount rate.
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6.2 More than two investors

In this section, the only modification to the benchmark economy is to introduce N > 2
investors. That is, there is still one stock which is a claim to the dividend process specified
in equation (1), with 1 > %3@ 15 From investor i’s point of view, the dividend process
follows

dD(t) =D ()15 dt + ¥ dzZ' (1)]:

Thus, investor i is effectively endowed with the probability space (Q;F';fF {g;P!) for i =

1i .01
, i .
+ %_ (37)

I assume that investor 1 has correct beliefs, that is £; = 0. For the same argument as in

Section 2, investor i’s perceived Sharpe ratio satisfies

XN
U(c,)  max i(t)e *ui(c) (38)
C1:iCN -
subject to ¢ +:::4+Ccy = C, where ; © [, 1;::5;, n]. Similar to the baseline model, the

weighting processes can be identified by investors’ marginal utilities

,i(t)ze(%ivq)tw' i =1:00N; (39)

where | j(0) satisfies investor i’s binding budget constraint, and the weighting process of
investor i is given by

d,i(t)=,i(t)xdz(t); i=1;:::;N: (40)

Note that the notion of relative extinction in Definition 2 is transitive, that is, if investor i
will be extinct relative to investor ] who will be extinct relative to investor K, then investor
i will be extinct relative to investor K. The following proposition reports the results on

investors’ survival in the limit.

5The analysis for the case of pp = %a% is similar and omitted for expressional brevity.
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Proposition 12 In an economy with N investors, investors’ survival in the limit can be

summarized as follows.

2 (the role of beliefs) If °; = ° and Y% = Y, for i = 1;2;:::;N, then for any i;j =
1;2;::00N;
lim q— =0 as. if {5 > j4]; (41)

. gt siif A > A
= N 3
t%llm Ci(t) 1 asiif A< Ay (42)

G (t
lim ‘():0 a.s.; (43)
i1 Cl(t)
3. in the case of Ay = A, Ay = 2R, #c =miny. j. N &, for] =201 N
i G U UP
t}im Cl(t)_o a.s. if 1 p i 2/b<A+’ (44)
ci(t) _ ' 1 )
R ﬁzo a.s. fori &K; iftp i 537% > R+2. (45)

2 (the role of the time discount rate) If °; = °; fori = 1;2;:::; N, then for anyi;j =

1,200 N; Y i ¢
Gt) _ 0 asiify Hi > %i%

t}imcj(t)_ 1 asiifs i+ <%i %W

(46)

This proposition reveals that the main results in the baseline model are also robust
to the introduction of multiple investors. In particular, holding everything except beliefs
identical, an investor with a higher degree of irrationality (higher j%j) will be driven out
of the market by investors with a lower degree of irrationality (equation (41)). Thus, only
investors with correct beliefs will survive in the limit. However, the higher saving motive
induced by a higher EIS makes the investor more likely to survive. When all investors have
correct beliefs, the investors with lower EISs are driven out of the market and thus only

the investor with the highest EIS can survive in the limit (equation (42)). An investor with
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wrong beliefs and also a lower EIS cannot survive since both are disadvantages for survival
(equation (43)). If investor 1 has an EIS of A and all other investors 2A, the tradeoff between
the advantage from his correct beliefs and the disadvantage from his low EIS determines
who will survive. If, for each investor j, investor 1’s advantage from his correct beliefs
dominates his disadvantage from his low EIS (1 j 3% < A%?), he drives all irrational
investors out of the market in the limit (equation (44)), otherwise the irrational investor
with the lowest degree of irrationality drives all others, including the rational investor 1,
out of the market (equation (45)). Moreover, equation (46) shows that the higher saving
motive induced by a lower time discount rate makes the investor more likely to survive.
Relative to investor j , investor i’s advantage from his lower time d.iscount rate, 2 i %, can
easily dominate the disadvantage from his less accurate beliefs, % Iﬁ i 112 .

6.3 General dividend process

The analysis so far assumes the dividend process as a geometric Brownian motion. The
following analysis, however, shows that the main insights from the baseline model are also
valid for general dividend processes. More specifically, the only modification to the baseline

model here is to replace the dividend process in equation (1) by a general process
dD(t) =D (t)[* p (t) dt + ¥p (t)dZ(t)]; (47)

where the volatility processes is assumed to be fF P g-adapted, and fF P g denotes the filtra-
tion generated by D (t). That is, both investors 1 and 2 know the volatility process ¥p (t).
Moreover, investor 1 can also observe the mean growth * p(t) but investor 2 mistakenly
believes the mean growth rate to be * % (t). The degree of irrationality * is
M to),

()

which is assumed to be a constant. The financial markets are as described in Section 2 and

+ =

the representative investor can be constructed as in equation (12). The results on investors’

survival are reported in the following proposition.

Proposition 13 In the economy with a general dividend process given by equation (47),

investors’ survival in the limit can be summarized as follows.
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2 (the role of beliefs) In the case of °1 =°9="° and Y3 =Y = Y,
C:
m CQ— =0 as. if£+60; (48)
2 (the role of EIS) In the case of Y43 = Y5 = %,

1. if £=0 then 1
CQ(t) . 0 aSZfAl > AQ,
" oM T 1 asifA < Ay (49)
2. if Ay > A, and £ 6 0, then

Co (t)

t}111rn 0 =0 as; (50)
3. if Ay = A; Ay = 2A, then
]/2 ~
i & () 0 asiiflimn , (1)**D(t) =0 a.s; (51)
o e () 1 asiif limyg , ()2AD(t) =1 as;

2 (the role of the time discount mte)lln the case of 1 =°9 =°;

2
. o) 0as if ¥ > Y% Y,
al c(t) 1 as if 3 < Wi Y

(52)

The main implications from this proposition are similar to those in the baseline model.
In particular, holding everything except beliefs identical, investor 2 will be driven out of
the market (equation (48)). However, a higher EIS (higher A;) also gives the investor an
advantage to survive: When both investors have correct beliefs, the investor with a lower
EIS is driven out of the market (equation (49)). Naturally, an investor cannot survive
if he has disadvantages from both his wrong beliefs and lower EIS (equation (50)). If
investor 1 has a lower EIS, the tradeoff between his advantage from correct beliefs and his
disadvantage from his lower EIS determines who will survive (equation (51)). Investor 1
survives when the impact from beliefs dominates (limyz , (t)22D(t) = 0), and investor
2 survives when the impact from EIS dominates (limgs , (t)2AD(t) = 1 ). Indeed, this
is a generalization of the implication from the baseline model (equation (29)): When the
dividend process is a geometric Brownian motion, the condition for the belief impact to
dominate, limyg | (t)QAD (t) = 0, becomes the condition in Proposition 8: 1 pj %4 < A+
Similarly, the condition for the EIS impact to dominate limgg (t)ZAD (t) =1 becomes
o %3/% > A+ when D(t) is a geometric Brownian motion. Finally, if investor 2 is
more patient (lower ¥%3), he can dominate the market in the limit despite his wrong beliefs

(equation (46)).
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6.4 Time-varying degree of irrationality

The analysis so far takes the irrational investors’ degree of irrationality as a constant.
However, one can imagine that an investor’s degree of irrationality may change over time
for various reasons, such as learning. This section demonstrates some generalizations to
incorporate the time variation in the degree of irrationality. In particular, the aggregate
dividend process and the financial markets are the same as in the baseline model. I focus
on the case where both investors have the same time discount rate and utility function.
Investor 1 has rational expectations while investor 2’s beliefs of the mean dividend growth

1 2D (t) is assumed to be time-varying. Similarly, I define investor 2’s degree of irrationality

LB lD: (53)

For simplicity, I also assume that #(t) is uniformly bounded
jx(t)j < K for any t, (54)

where K is a constant. Note that K can be an arbitrarily large constant. That is, the

deviation of investor 2’s beliefs from the truth has an arbitrarily large upper bound.

Instead of deriving investor 2’s beliefs from certain learning rules, I assume an exogenous
process *(t) and suppose that

Jim £(t) =2 (55)

That is, investor 2’s degree of irrationality changes over time and converges to 2 in the limit.
Thus, 2 = 0 corresponds to the case where investor 2’s belief converges to the rational belief
eventually, and 2 & 0 implies that investor 2 is never able to learn the truth. The following

proposition characterizes investors’ survival.

Proposition 14 Suppose that investors 1 and 2 have the same time discount rate and utility
function, and that investor 1 has rational expectations and investor 2 has a time-varying

degree of irrationality given by equations (53)—(55).

2 In the case of 2 & 0, investor 2 will be driven out of the market in the limit

lim C(t)
tl ¢y (t)

=0 a.s; (56)
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2 In the case of 2 = 0, if there exists a constant ®> 1=2 and tg such that
N | )
jxb)j < ® for allt > tg a.s.; (57)

then both investors survive.

Investor 2 will be driven out of the market if his beliefs do not converge to the truth
(equation (56)). The intuition for this is similar to that in Proposition 2: investor 2’s wealth
grows at a lower rate since he consistently makes mistakes on the mean dividend growth
rate. More interestingly, investor 2 may become extinct in the limit even if his beliefs
eventually converge to the truth. This is because, as long as *(t) 6 0, investor 2 is making
inferior savings and portfolio decisions and so loses wealth share on average. If he learns
very slowly, that is, #(t) converges to 0 very slowly, his wealth share will eventually go to
0. One sufficient condition for investor 2 to survive is given by equation (57), that is, if the
degree of irrationality converges to 0 faster than t%@' does where ® > % To see an example
where investor 2 cannot survive even though his beliefs converge to the rational one, set
*Ht) = tl% In this case, limy1  #(t) = 0, that is, investor 2’s beliefs converge to the truth

as t goes to infinity. Yet, Appendix B.4 shows that investor 2 becomes extinct in the limit

since he learns too slowly.

6.5 The interaction between rationality and preferences

Previous analysis treats preferences as an exogenous factor and so rules out the interaction
between rationality and preferences. While the detailed analysis on this issue is beyond the
scope of this paper, the following example suggests this might be an interesting area for

future research.

Suppose the economy is populated by investors with different degrees of irrationality.
The more sophisticated investors, i.e., those whose beliefs are closer to the truth, may
eventually become fund managers. As Shleifer and Vishny (1997) point out, institutional
investors may have incentives to care more about the short-term performance than normal
individual investors. This can be interpreted as that the time discount rates of those sophis-
ticated investors increase due to the agency problems. This increase in time discount rates

counteracts the advantages that those sophisticated investors originally had for survival. In
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other words, it becomes more difficult for the economy to evolve toward rationality. Fur-
ther exploration of the implication from this interaction might be fruitful not only for the

survival issue but also for a better understanding of asset price behavior in general.

6.6 One implication for questionnaire investigations

One version of the market selection hypothesis is that investors who behave irrationally will
eventually be driven out of the market by those who behave as if they are rational. That
is, the investors selected by the market are those whose behavior happens to be consistent
with rationality, and who are not necessarily rational per se. As summarized in Blume
and Easley (1992), “without assuming much about the behavior of individual economic
actor, evolutionary forces drive the economy towards a state which can be described by
the conventional neoclassical models with optimizing actors.” That is, the natural selection
mechanism implies that models with assumptions of maximization and equilibrium can make
useful predictions although the agents in the models do not literally solve those complex

maximization problems as assumed.

One important implication from this argument is that the effectiveness of questionnaire
investigations is doubtful since investors do not really solve the maximization problems.
For instance, Friedman (1953, p. 31) comments that testing economic theories by “answers
given by businessmen to questions about the factors affecting their decisions .. .is about on
a par with testing theories of longevity by asking octogenarians how they account for their
long life.” The analysis in this paper, however, demonstrates that the natural selection forces
might not be effective in driving the economy towards the state which can be described by
models with only rational investors. Therefore, my analysis undermines the validity of the

argument against the questionnaire investigations based on natural selection.

7 Conclusion

Charles Darwin’s evolutionary theory is one of the most influential theories in biology, and
economists have long been tempted by its intuitive argument. This paper nevertheless

demonstrates some limitations of this idea in a competitive financial market setting.
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First, the long time-span of the selection process might be less of an issue for biologists.
Many biological phenomena can be attributed to thousands of years of evolution. As Paul
Krugman (1996) comments: “evolutionary theorists normally take the shortcut of assuming
that the process gets you to the maximum, and pay surprisingly little attention to the
dynamics along the way.” For financial economists, however, the long time-span of the
evolution process is more problematic. As this paper has demonstrated, it takes hundreds
of years for an investor to lose half of his wealth share, even if his beliefs persistently
and significantly differ from the truth. The existence of irrational investors, then, has a
significant and long-lasting impact on asset prices. Thus, models that ignore these irrational

investors may fail to capture important dynamics of asset prices.

Second, the outcome of the natural selection process is sensitive to small perturbations of
preferences: The higher saving motive induced by a slightly larger elasticity of intertemporal
substitution or a slightly smaller time discount rate can make an investor dominate the
market in the limit even if his beliefs persistently and substantially deviate from the truth.
In other words, the survivors of the natural selection process may not be the investors with

correct beliefs but simply those with higher saving motives.

Based on these results from the baseline model, and similar results from its generaliza-
tions that incorporate multiple stocks, multiple investors, general dividend processes, and
time-varying degree of irrationality, this paper concludes that the natural selection mecha-
nism alone is unlikely to eliminate the impact of investors with incorrect beliefs or to provide

a satisfactory foundation for the assumption of rational expectations.

It is important to note that the recently developed behavioral finance literature has so
far been based upon the notion of limits of arbitrage, which argues that the effectiveness
of arbitrage activities may be limited due to agency issues or financial constraints. The
results in this paper, however, suggest that irrationality might play an important role for
asset pricing, both at finite horizons and asymptotically, even if the financial markets are
frictionless and there is no limits of arbitrage. These results further suggest the importance

of incorporating irrationality into asset pricing models.

It is also worth pointing out that the main point in this paper is that the natural
selection is unlikely to be effective to rule out the role of irrationality for asset pricing. The

arguments in this paper are not against the idea of natural selection or evolution in finance
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and economics in general. On the contrary, showing that the role of irrationality may not
be ruled out effectively, my analysis reinforces, rather than undermines, the importance of
searching for alternatives for the rational expectations paradigm. See Lo (2004) for a recent

proposal based on the idea of evolution.
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Appendix A: Proofs
Proof of Proposition 1

With a representative investor constructed in (12), the state price density process is iden-
tified by the representative investor’s marginal utility UYD (t);, (t)). This leads to the

7 s

interest rate and stock price expressions (14) and (15).

Using martingale techniques (Cox and Huang, 1989; Karatzas et al., 1987), each in-

vestor’s dynamic optimization problem can be rewritten as a static one:

. 1 >
max E' ui (G (t))dt (58)
i 0
. .Z l . > . .Z 1 . >
subject to E' » (g ((Hdt - E' » (t)D (t)dt : (59)
0 0

The necessary and sufficient conditions for optimality of the consumption streams are
e UG (t) =y (t); i=12 (60)

where y; > 0 is such that investor i’s static budget constraint holds with equality at the

optimum, i.e. y; satisfies
. ' 1 . 1 . > . ' Z 1 . °
E' » ()1 (e?y» (t)dt =;E! P»(U)D(t)dt ; i=1;2 (61)
0 0

The optimal consumption (16) follows from equation (60). Applying Ito’s lemma to (13)
with (60) substituted in, we obtain (17). , (0) can be pinned down by investor 1’s static
budget constraint (18).

The following lemma is useful for further proofs.

Lemma 1 For any t, the consumption of investors 1 and 2, Ci(t) and Cy(t), satisfies the
following equation

Yo i Vzlt 1

at)+e s ()5l =D (62)

Proof of Lemma 1 Substituting (10) into (13), we obtain

el :l/atcl(t)i °1 )
&G (t) (t): (63)

Solving the above equation for Cy(t) as a function ¢;(t) and then substituting it into the

market clearing condition €;(t) + Ca(t) = D(t), we obtain (62).
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Proof of Proposition 2

o

In the case of ¥4 = %3 = Y2and °| = °, = °, equation (63) implies

C2(t) =
o = O (64)
Equation (17) implies that
(1) =, (0)e 220 (65)

Following the strong law of large numbers (see Karatzas and Shreve 1988 p. 104), we obtain

lim %t)

th1

=0 as:

Hence, we obtain

. 1,
H— + =
t%llml 2_'[—1—_Z(t) il as.,

and
tlﬁm ,(tH)=0 asy; (66)
which implies
lim alt) =0 as:
tl cy(t)
Equations (62) and (64) imply
1
c(t) = D(t); 67
1( ) 1+ ] (t)lz ( ) ( )
Uk
C(t) = > D(t 68
2( ) 1+ ] (t)lz ( ) ( )
Note that under the assumption (2), we have
tle D(t)=1 as. (69)

Thus, (67) implies

th c(t)=1 as.

Finally, from (1) and (65), we obtain

LT D) =, (0T D ()l 271 20002200,
which implies (
1 as iflpi 3% > 444
1= _ DI 3% D) )
th S(OT DM = 0 as. iflpj %3/% < 2i-|_-2,
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and hence (
1 as. iflpj

N[ D=
SO

NV
S

H, 1,

tgm C(t) = 0 as. iflpj

Proof of Proposition 3
This result follows from taking expectations under the P? measure.

Proof of Proposition 4

In the economy with only the rational investor, the interest rate and stock price are

G = Etip i 20O D) ) (70)
S°(t) = D(t)E o el s 0“%‘”1' ds : (71)
by (t) '

From the construction of the representative investor in (12), under the condition ¥4 = Y5 =

% °1="°5=", we obtain
UAD (1);, (1) = € *ul(cu(t)): (72)

Substituting (72) and (67) into (14) and (15), we obtain

H 1 ()= 1 1
rit) = Ye+° WlD(t)"_WIQD(t) P50 +1)¥ (1)
i1, (HF
s (1+,(t)1:°)2_(t)2’ (73)
and . 'Z ,
S(t) D(t) E: e i1+ (57 D(s)! “ds (74)

Hence, equations (70) and (73) lead to (19).

We can rewrite (14, (S)'7) as its Taylor expansion with a Lagrange remainder:
(1+.(9) =1+°[ ") ; (75)
where

0-,%s)- ,(s) (76)
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Substituting (75) into (74), after some manipulation, we obtain

S L s, Hpg T
= i Ydsj t)o [ ® 1=° .
D(t) (1+,{t)=) D) + E¢ t e [, “(9)] Y0 0 ds (77)
Hence
S(t) 1 SHOB

D(t)* (14, ()) D(t)
D (t)

Multiplying 0 to both sides and letting t goes to infinity, we obtain

- S(t)
i gay o b (78)
Moreover, (76) and (77) imply
" o] ' Z I"l ﬂ i ° 5 #
S(t) 1 S°(t) LE, 1 o Y1 o (S)lzo D(s) 1j i
DM ~ (+,m=) D) : : D (1)
1 S (t) 2 1.2, ¢ I"lD(S)ﬂli° >#
- e +, ()7E el Msi Vgl EHFEZN . 20 s
i+. 0=y oo YE ©
After some algebra, we obtain
" .z, u T, ’#
Sﬂ(t) . 1 B (0= Du(t) E, o g Ysi gl FEHEZ() D(s) ™ ds
S*(t) 1+, (M) S=(t) t D (t)
Letting t goes to infinity, we obtain
S(t
®) 1: (79)

t}im Se(t) .
Equations (78) and (79) lead to (20).
Proof of Proposition 5

The interest rate expression (21) has been obtained in (73). To prove (22), we note that,

when ° is an integer, (1 +, ()'™")" can be expanded as

X HoT
1+,(97) = K , (9)%; (80)
k=0
i.C
where, for k = 0;1;2;:::;°, K isa binomial constant. Substituting the above expression

into (74), we obtain
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_ ) | Ysi 1) k= 1
S(t) it (0 ) E¢ t e . K (s)*" D(s)"! ds
_ o X RN e (s)<° "o (81)
G, 0=, k 5
3 Tl h 3 Tl
Note that , (8)X= BL?; s lognormally distributed, then E; , (8)X*° % ' canbe

( )
evaluated explicitly. Substituting it into (81), after some algebra, we get (22).

Similarly, investor 1’s wealth is the present value of his future consumption flow ¢y (t):

2y 0 s
Wi (t) =E el si ‘)L})(Cl (S))cl (s)ds :
t ui(ci(t)
Substituting (67) into the above expression we obtain
Wl(t) _ D (t)o E ' Z 1 el 1/:(5| t) ) 1 _|_ (S)l:°’ oi 1 D (S)ll ° dS, (82)
T+, ®%) ’
i 1=° ¢° il .
Note that 1+, (S) can be written as
’ o i M /! k="
RO RO (53)
k=0

Substituting the above expression into (82), after some similar computation, we obtain

o R ]
W= e e O

and so get (24). Equation (23) immediately follows from (67).
Substituting (67) and (72) into (18), we obtain

"Z g 3 o0 1 s "Z 3

E e 14+ 1  D)tidt =7 e il 14, (1) D dt
0 0

Substituting (80) and (83) into the above expression, after some similar computation, we

obtain (25).

Proof of Proposition 6

o

In the case of °; =°, =°, (63) becomes

Co (t) Cai )t

ofim

C1 (t) >
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Substituting (65) into the above expression, we obtain

Co(t) (0)%ecl(1/ai Yai $E2)t+E2Z (1),

C1(t) e

which, for similar arguments as in the proof of Proposition 2, leads to (26).

Proof of Proposition 7

Recall that £ = 0 implies , (t) =, (0) for all t. Hence in the case of ¥3 = %5 = %2 (62)

becomes
L a
ci(t) +, (0)72ci(t)"2 =D(t)
The above expression and (69) imply
lim ¢ (t)=1 as. (84)

ti1

Moreover, in the case of ¥4 = %3 = %2 (62) becomes, (63) becomes

o

a® .
O (0): (85)
Equations (84)—(85) lead to
tHm &(t)=1 as. (86)

Moreover, equation (85) also leads to

Ct) _ ot itz
Cj—(t)—,(o) (C2(1))

From the above expression and (86) we obtain (27).

Proof of Proposition 8

In the case of ¥4 = Y3 = ¥ (62) becomes

°
=

i
ci(t) +, ()7zci(t)2 =D(1):
The above expression, (66) and (69) lead to
Jim ci(t) =1 (87)

Moreover, in the case of ¥4 = ¥ = %2 (63) becomes

at)
The above expression, (66) and (87) lead to (28).
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Proof of Proposition 9
In the case of %4 = % = Yand A, = A, A, = 2A, (62) becomes
cit) +, (el (t)” = D (b):

Solving the above equation, we obtain

P 2A :
o) = —F 4,2,(t()t)2£> © 1.

Moreover, in the case of ¥4 = Y3 = Ysand A; = A, A, = 2A, (63) becomes

Ca(t) 2A
—= =, ()*"cy(b):
2 = 0P
Substituting (88) into the right hand side of the above expression, we obtain
p
Cot) 144, (1)D(1) 1,
C1 (t) N 2 '

From (1) and (65), we obtain

(t)QAD (t) _ (O)QAD (0)8(1 Di %3/% i AiQ)t—&-(%D +2A+)Z ()

5 5 '

which, for similar arguments as in the proof of Proposition 2, implies
Y% ~

i 0 as.iflpi 2% < Ad

- 2A _ DI 3 AL

tplm . (7D 1 as. iflpj %% > A+

and so (29).

(88)

From the above proof, we can see that the key step is to solve equation (62) and write

ci(t) as a function of , (t) and D(t) (equation (88)). Hence, other cases can be proven

similarly. For instance, in the cases of A;=A, = 3 and A=A, = 4, equation (62) becomes a

polynomial equation of ¢;(t). Hence, we can solve for ¢;(t) and cy(t) explicitly and analyze

the asymptotic behavior of €;(t)=G(t) in a similar way.

Proof of Proposition 10
Equation (63) implies that

C(t) 2 =, (t)el P2l i (1)
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Substituting ¢;(t) < D(t) into (89), we obtain

o

o)z < | (t)ei (Vai Va)tD(t)°1

= (O)D(O)ole(l/fli Yai %iQ)tJr(iJr" VD )Z (1):

In the case of Y4 | %5 < %iz, we have

t}ilm (i Yai 3E)HEH ¥0)Z (1) _ 0:

which leads to

=0 a.s.

Similarly, substituting cz(t) < D(t) into (89), we obtain

D(t)°2 > | (t)ei (Yi Va)tcl(t) 1

Dividing both sides by D (t)"t after some manipulation, we obtain

Cl(t) ! <, (O)' lD(0)°2i °1ei (Yai Yai %iQ)H-(i—&-c’ 1Yo )Z(t):

In the case of Y4 | Y5 > %1'2, we have

lim e(l/%i Vi %12)t+(i+° 1¥p )Z (1) — 0’
ti1
which leads to
lim ci(t) =0 a.s.
t1 D(t)
and so
cy(t
lim 1 (1) =0 a.s.
tl - cy(t)

Proof of Proposition 11

The arguments in the proofs of Propositions 1, 2, 6-9 can be applied analogously to this N

stock case.
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Proof of Proposition 12
The optimality of investor i’s consumption implies

up(ei (1) = yir' (1);
where y; > 0 is a constant and » (t) is investor i’s state price density process. Applying Ito’s
lemma to (39), we obtain (40). Substituting (10) into (39), we obtain for any i = 1;2;:::;N
and j =1;2;:::;N;

o el g, (90)

e tlg )i !

el "ale (1) "1
e 1/?tci (t)i %

If °; =° and Y2 = Y%;for i = 1;2;:::;N, then for any i; ] =1;2;:::;N;

cy(t) ’ _ cy(t) ’ .
G T
The above expression implies 3
g g Hw'ﬂ _ i),
G (t) i)

From the same argument in the proof of Proposition 2, we obtain (41). Similarly, we can
obtain (42)-(43) and (46).

In the case Y2 = % for i = 1;2;:::;N and A, =A; AJ- :2,5\, for j = 2;:::1;N, (90)

implies

hence

2)(\] 2R 0\

c(t)+ci(t)” ;7 (t)=D(1)
j=2
Solving for ¢;(t), we obtain
q = -
L+4D(t) N, (12 1
C1<t) = P N 7
2 j=2-1] (t)



D

and hence q =
(1) 2A 14+4D(t) N, (2R 1
A S ’ : (91)
ci(t) Ly, ()2 2

If1pi $% <A£ for2- j - N then

Jim D(t), > =0 as.

2A

Since W < 1, we then obtain (44).
If 4 = miny. j. N %, then (41) implies
im &:Oa.s.,fori , 2andi 6 k:
tl ok (t)

Moreover, if 2 | 2%§ > A%, then (91) leads to

ck (t)

t!llm & (0 =1 as.

Thus, we obtain (45).

Proof of Proposition 13

Similar to the baseline model case, the weighting process is given by

where | (0) is determined by investors’ binding budget constraints. Since the dynamics of
the weighting process are the same as that in the baseline model, the proofs of (48)—(50)
and (52) are identical to those for Propositions 2, 6, 7, 9. Using the same argument as in

the proof of Proposition 8, we obtain

c(t) g 144, (1)AD(t)i 1.

C1 (t) 2 '

which leads to (51).

Proof of Proposition 14

The weighting process , (t) has a dynamic of



and can be identified by their marginal utility

() =

We then obtain

ci(t)
where L z, z, )
gt) =5 5 *Hs)’dsi  Hs)dZ(s) ;
2 4 to
We can rewrite g(t) as
g(t) = T () (ti to);
where 7 7
| R 1 t
f() =5+ H(s)"dsi — (s)dZ(s)
2t to ¢, ti to ¢,
Equations (54) and (55) lead to
Zy
lim +(s)?ds = 22 as.
i tj to ¢,
Ry : . :
Moreover, - *(s)dZ(s) is normally distributed with mean 0 and variance
1 Z
V(it)=——E #(s)ds
(ti to)*
Condition (54) implies
1 Z t K 2
V(t): ———  Klds=_——;
and hence
Jim V(t) = 0:
As a result, Z,
1 + =
tﬁm Gt o, *(s)dZ(s) =0 a.s.

Equations (94)—(96) imply that
- Lo,
fm T = 52 ’
and

o) =1
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which leads to (56).

The condition (57) implies that
Zy Zy
2 Lo
*(s)“ds < t2—®ds.
to to
Thus, if ®> 1=2, we have 7
t
lim  #(s)’ds< 1 a.s.
oy

R R
Moreover, tto *(s)dZ (s) is a normal random variable with mean 0 and variance E tto +(s)%ds,
which is finite. That is, when t goes to infinity, g(t) has finite mean and variance. Hence

both investors survive in the limit.
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Appendix B: Illustrations
B.1 Why is the stochastic weighting process needed?

The stochastic weights capture the difference in beliefs, and are not contradictory to the fact
that a representative investor with constant weight can be constructed if the equilibrium
allocation is Pareto optimal. The difference is that the constant weight is “outside” the

expectation operator while the stochastic weight constructed in equation (12) is “inside.”

From the Second Welfare Theorem, the Pareto optimality implies that the equilibrium
can also be generated by a representative investor with the following maximization problem

with a constant weight | °
' Z 1 B ' Z 1 B
max  E! up(ci(t);t)dt +, °E? Uz (Co(t); t)dt (97)
cr(t)+ea(t)=c(t) 0 0

Note that the weight , * is outside of the expectation operator E 2 [¢. In fact, this formulation
is essentially the same as the representative investor constructed in equation (12) since the
above formulation, equation (97), can be written as

.7 1 .

max E! V(c(t);, (t)dt ;
c(t) 0

where
V(c(t);, (1) a ui(ci(t);t) + ndpg(t)u (C2(t); 1)
) _ max ) a )
s 61 (H)+6s (=c(t) 1\t1 ) > gP1 2(C2 3
and gg—f(t) is the density process of the probability measure P? with respect to P'. Com-

paring this with equation (12) we have

2
="

Though essentially identical to the constant weight formulation, the formulation with the
stochastic weight process , (t) greatly simplifies the analysis here because it fully captures

the difference in beliefs and, more importantly, can be pinned down by exogenous quantities.
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B.2 Why can wrong beliefs be beneficial for survival in KRWW (2004),
where the equilibrium is Pareto optimal?

Blume and Easley (2003) point out an important insight that “Pareto optimality is the key
to understanding selection for or against traders with rational expectations.” Essentially,
this is the reason why an incorrect belief is always a disadvantage for survival in Sandroni
(2000), Blume and Easley (2003), and the current paper, in which the equilibria are Pareto
optimal, and why an incorrect belief might be an advantage for survival in Blume and

Easley (1992), in which the equilibrium is not Pareto optimal.

Interestingly, even though the equilibrium in KRWW (2004) is Pareto optimal, an in-
correct belief can still be an advantage for survival. This seemingly contradictory result in
fact comes from a subtle difference in their model. KRWW (2004) analyzes a finite horizon
economy, and then take the horizon T to infinity to study the implications on survival. Here
is the subtle point. When we change the horizon from T; to To, we are actually dealing with
two different economies. In other words, when T changes, the economic setting itself also
changes, and so investors’ portfolio strategy etc. changes. In contrast, in Sandroni (2000),
Blume and Easley (2003), and the current paper, the dynamics of economic environment is

specified first and will not change afterwards.

To be more specific, the Proposition 1 in KRWW (2004) shows (in their notations) that

ﬂ . O
b»l' _ u CFJT : .
CnT ’

where bis the “constant” weight of the central planner; »; is the Radon-Nikodym derivative;
G- and Cy7 are the consumption of the rational and irrational investors; and ° is the
relative risk aversion coefficient. Note that this weight b depends on the horizon T (see
equation (10) in KRWW (2004)). When the economic setting changes (i.e., T changes), so
does the weight b, and in fact b converges to j1 , 1, or 1 depends on the sign of (°j 1)".
In Sandroni (2000), Blume and Easley (2003), and the current paper, however, the weight
(,” in equation (97)) is a constant and never changes since the economic setting does not
change. It is the dependence of bon T in KRWW (2004) that makes induces the seeming
contradiction. Note that in the special case of ® = 1, bdoes not depend on T (see equation
(10) in KRWW (2004)). In this case, as expected, wrong beliefs are always disadvantages

for survival.
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B.3 Expected economy growth and stock valuation

It has long been recognized that the stock valuation (e.g. price dividend ratio) decreases
when the expected economy growth rate increases in an exchange economy when the rep-
resentative investor has a relative risk aversion higher than 1 (e.g. Cochrane (2001) p. 48).
The intuition is as follows. When the expected economy growth increases, it has two im-
pacts on the stock valuation. First, the higher expected economy growth increases the stock
price since the stock is the claim to future dividends from the whole economy. Second, the
higher expected economy growth implies lower marginal utility in the future. To smooth
consumption, the investor prefers to consume more today and so hold less stock. This
lower demand for stock decreases its price. When the representative investor’s relative risk
aversion is larger than 1, the second effect dominates and the price dividend ratio decreases
in the expected economy growth. In fact, this property can be found in many previous
asset pricing models, see, for example, equation (6) in Mehra and Prescott (1985), equation
(20) in Abel (1988), equations (7) through (12) in Cecchetti, Lam and Mark (1990), equa-
tions (8) through (13) in Cecchetti, Lam and Mark (1993), equation (7) in Veronesi (2000),
equation (4) in Whitelaw (2000) and equation (21) in Yan (2001).

Yan (2003) points out that the above intuition relies on the assumption that the stock is
the claim to the aggregate dividend of the economy. When this assumption is relaxed, the
second effect is generally much weaker for individual stocks and the tradeoff between these
two effects leads to a variety of new implications. For example, his model implies that,
at the individual stock level, the correlation between stock returns and earnings surprises
is generally positive. At the aggregate level, however, this correlation is smaller or even
negative. This is consistent with the empirical evidence at both the individual stock level
(Ball and Brown (1968)) and the aggregate level (Kothari, Lewellen and Warner (2004)).
Another implication, which has also been confirmed by the empirical evidence documented
in Yan (2003), is that a stock’s return is less sensitive to its earnings surprises if its earnings
growth is more correlated with the aggregate consumption growth. Finally, when a stock
accounts for a sufficiently large fraction of the economy, the decrease of its information
quality decreases its risk premium as found in Veronesi (2000) with only one risky asset.
However, when the stock is only a small fraction of the economy, as observed in reality, the

decrease of its information quality increases its risk premium.
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B.4 An example where an investor cannot survive even if his beliefs con-
verge to the truth

To come up with such an example, one need to make +(t) converge to 0 at a very low speed.
One example is #(t) = ti ® with ® < 1=2. Clearly, limy;  #(t) = 0. The following, however,
shows that investor 2 cannot survive in this case.

Substituting +(t) = ti ® into equation (92) in the proof of Proposition 13, we obtain

Cg(t)

— ()T = (1)1 el hOth 2®; 98
op =0 =) (98)
where - z, zZ,
h(t) = 5593 s 2®ds; e st ®dz (s):
t to
After some manipulations, the above expression can be rewritten as
h(t) =A(t)i B(t); (99)
where
() - t1i2®%1i 20 I to !
1Tt e _
B(t) = TN s' PdZ (s):
Thus, in the case of ® < 1=2, we have
_ 1 1
dm AL =515 (100)
Moreover, B (t) has a mean of 0 and variance of
t2(1i 20) 1 2@ o
which converges to 0. We then obtain
t%ilm B(t)=0 as: (101)

Therefore, equations (98)—(101) imply that

Ca(t)

t!11111 o (0) =0 as:

That is, investor 2 cannot survive even though his beliefs converge to the truth because he

learns too slowly!
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Appendix C: General Conditions for Survival

The following theorem includes Propositions 2, 6-10 in Sections 4 and 5 as special cases.
More importantly, the following theorem provides implications on survival for any °; and

5. Note that Proposition 9 is only for the case of °; =2£ °,.

Theorem 1: In the economy described in Section 2, investor 2 cannot survive if
1+2 14 « 1 o . o
§—>(/31l 78) + (°11 °2)Obs
and investor 1 cannot survive if
14.2 14« 1 o . o .
§—<(/fil )+ (C1i °2) O

where gp =1, | %%ﬁ
Proof: After some algebra, equation (63) leads to

co(t) 2D (1)1 D(t)"
ci(t) 1 D(t)"2D(t)

= elai )t (1) (102)

Denote the consumption shares of investors 1 and 2 as ! 1(t);! o(t), that is, ! {(t) =
c1(t)=D(t) and ! o(t) = cp(t)=D(t). Substituting into (102), after some algebra, we ob-
tain

La(t) 2 (0)D (0)°1i “2el(*4i &)+ C1i *2)(oi 3% )i FEHEHC i *2)%0 12 ():

! 1(t)°1 e

o o [ 1 ¢ 142 :
In the case of (Y3 Y8)+ (°1i °2) ‘pi 3% i 3+ > 0, we obtain

llm I 2(t)°2 = .
L 1 (t)" ’

a.s:

and therefore

lim!(t)=0; as:

ti1
and
Cy(t
lim alt) =0; as:
tl o cy(t)
i ¢
Similarly, in the case of (Y4i Y2)+ (°1i °2) " pi 3% i 3+ <0, we obtain
c
im 1V =1; as:
tL o Cy(t)
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Table 1: The Impact of EIS on Investors’ Survival

A, A, I =

0.5 1 0.186 67.3%
0.4 0.8 0.208 75.2%
0.3 0.6 0.241 86.9%
0.2 0.4 0.295 106.4%
0.1 0.2 0.417 150.5%

This table demonstratesthe role of elasticity of intertemporal substitution (EIS) in determining
investors' survival in the limit. More precisely investor 1 has rational expectations and investor
2 has a degreeof irrationalit y of §, as expressedin equation (8). Columns 1 and 2 are the EISs
of investors 1 and 2 respectively. Column 3 reports §, the maximum degreeof irrationalit y under
which investor 2 can dominate the markets in the limit. That is, if investors1 and 2 have the EISs
in columns 1 and 2, then investor 2 dominates the market in the limit aslong as jtj< §. Column
4 reports the ratio of § and the Sharpe ratio . The relevant parameter values are wp = 1.789%,
op = 3.218%, and k = 0.277, taken from the estimate basedon U.S. data from 1891{1998in
Campbell (2003).
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Figure 1: Investor 2’s Impacts after 100 Years.

At time 0, the economy is populated by investors 1 and 2 and each of them has a half share
of the stock. Investor 1 has rational expectations and investor 2’s degree of irrationality is %,
as expressed in equation (8). The economy is simulated 100,000 times. For each simulation
path, the equilibrium at time T = 100 years is computed. The following plots report the
simulated probability density functions of investor 2’s consumption share, Co(T)=(ci(T) +
C2(T)), wealth share, Wo(T)=(W;(T) + W2(T)), impacts on the stock price and interest
rate, S(T)=S*(T), r(T)=r*(T), where S®(T) and r®(T) are the stock price and interest rate
in the economy populated by investor 1 only. Panels A-D are for the cases of £ = 0:25- ,
+ =05, £=0:75-, and £ = - respectively. The time discount rate %is set to be 0:01.
The parameter values for ', ¥p and - are from the estimate based on U.S. data from
1891-1998 in Campbell (2003): 1 5 = 1:789%, ¥p = 3:218%, and - = 0:277.
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Figure 1: Investor 2’s Impacts after 100 Years (con’t).
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Figure 1: Investor 2’s Impacts after 100 Years (con’t).
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Figure 2: Investor 2’s Expected Wealth Share.

At time 0, the economy is populated by investors 1 and 2 and each of them has a half share
of the stock. Investor 1 has rational expectations and investor 2’s degree of irrationality is
*, as expressed in equation (8). The economy is simulated 1000 times. For each simulation

each time t, the mean and standard deviation of investor 2’s wealth share across the 1000
simulation paths are computed. All the standard deviations are smaller than 1% and so
the following figures only plot the mean of investor 2’s wealth share against time t. Panels
A-D are for the cases of + = 0:25-, + = 0:5-, £ = 0:75-, and £ = - respectively. The
time discount rate %2is set to be 0:01 and the parameter values for *p, ¥ and - are
from the estimate based on U.S. data from 1891-1998 in Campbell (2003): * 5 = 1:789%,
¥p = 3:218%, and - = 0:277.
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